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e Time Domain Data
— In practice one typically has a discretized sampled function z(t,) = z(nAT) often
referred to as a time series or sequence
* Sampled data obtained from a sensor (transducer) whose output was sampled
with an A/D converter

— It is convenient and reasonable to treat these time samples collectively as single random
quantity (vector):

z(t1)
x = x(:tQ) . (1)
z(tr)

Often optimal processors are designed to process data. Such processors rely upon some
statistical description of data; hence, need to treat samples collectively as single random
vector.

e Temporal Frequency Domain Data

— The frequency domain is often preferred for various reasons (filtering, analysis, spectral
estimation, etc.). Samples are complex in general and of the form X(f,,) = X (mAf)

X(f1)

X(f2)

z(t) + 7 X (f), X = (2)

X (fm)
e Space-time Domain Data

— A system with multiple discrete sensors distributed in space sample a space-time random
process z(t,z)

— Sensor outputs produce a vector of time dependent spatial samples. A single sample
across array is at time ¢ is called a snapshot and is given by



— when sampled at multiple points in time, one produces a data matriz

¢ time —
(I,‘(tl,Zl) (II(tL,Zl)
T z(ty,z2) - x(lr,z2) (4)
space . . .
\l/ . .
IL'(tl,ZN) I(tL,ZN)

e Spatial frequency (wavenumber) - temporal frequency

— Often convenient to Fourier transform data both temporally and spatially

— Data can be filtered spatially (for example, pass signals coming from a specific direction,
while suppressing all other directions) and temporally (for example, bandpass filtering)

— Data matrix of form

< temporal frequency —

X(fi,ki) - X(fm ki)

T X(fi,ks) -+ X(far ko) (5)
spatial frequency : . :
! X(fi,kgx) - X(fum, kk)



Real Random Vectors

Definition: A random wvariable is a mapping from an event space to the real number line.
The likelihood of event occurence is described by the cumulative distribution function (cdf)
and its corresponding probability density function (pdf) defined respectively by

dF, (Io)
Pr(z <zp) = Fy(zo), fa(z0) = ;7 (6)
T
In the multivariate case the outcome of an experiment can consist of several events, 1, z2,...,TnN.

The likelihood of joint event occurence is described by a multivariate cdf:
Pr (]71 < ay,x2 < azy,..., TN < a’N) = le,...,:DN(alaaQV . ,GN) = Fx(a) (7)

The multivariate probability density function is defined in terms of the cdf

N
0 F:vl,...,:L“N(alaGQa' .. aa'N)

1>

fx(a) (8)

a1,a49,...,04 =
f:vl,...,:vN( 1, @2, ) N) Oa10as - - - Oan

Partial statistical characterizations

— The Ezxpectation or average is defined:

E{gex)} & [ g(a)fu(a)da ()

RN

— First moment, known as Mean vector

A : 0
me= B} £ | Ble} |, Blad= [ ek@da= [ afie)de (10)
. —00
— Second moment, known as Correlation matrix
R, :E{xxT} CH E{ziz;} - |, (11)

E{zjz;} = /7 [ a;@; fz; x, (ai, aj)da;da;

where the superscript T' represents the matrix transpose.
— Properties of Correlation matrix:
* Symmetric, i.e. Ry = RI.
* Positive semi-definite, al Rya > 0, for all vectors a € RYN.
* Eigenvalues are real and positive, A\;(Rx) > 0.
*x Eigenvectors are orthonormal, qiqu = 0;j.



— Second order central moment, known as Covariance matrix

1>

KX:E{(x—mx)(x—mx)T} E{(xi—mxi‘)(Ij—ij)} (12)

T
=Ry —mym;

Note that covariance matrix shares same properties as correlation matrix. In addition
we note that

* [Kx]i,i = 0’2

i
* If [Kyli,j = [Kx]ji—j| then covariance matrix has a Toeplitz structure
Ky K;
P
Ke=| " (13)
K,
K, K

— Coherence/normalized Correlation matrix

1>

B {(ai ~ ma)z; ~ma)}/ (rm0) (14)

* Can show via Schwartz Inequality that |px; ;| <1

* If |px; j| = 1, then z;, and z; are said to be perfectly correlated. Provides a measure
of linear dependence.

* if |px; ;| = 0, then z;, and z; are said to be uncorrelated.
— Useful higher central moments:

* skewness (measure of how much pdf is lumped to one side of the mean)

A; = ) (15)
* kurtosis (measure of the peakedness of pdf about mean)
s —4mxl)4} (16)
o,
e Multidimensional Characteristic Function
— Recall that characteristic function (c.f.) of a scalar random variable is given by
M(jv) & B} = [ & f(@)da (17)



— The c.f. of a random vector is defined as

. A ivIx . al ivia
Mx(]v) = E{BJ } =FEqexp|j Zvixi = /RN e/ fx(a)da (18)

=1

e Cramér-Wold Theorem: The pdf of a random vector x € RY is completely determined by
that of y = a’ x if the pdf of y is known for all a. Proof:

fy = My(jv) = E{ejvy} = E{eju.aTx}‘UZI = My(ja) +— fx (19)

The Multivariate Gaussian Distribution

e A very popular example of a model for random multivariate data is the multivariate Gaussian
pdfs (sometimes referred as the Normal distribution). Recall that the pdf and c.f. for a
Gaussian scalar random variable are given respectively by

1 =(e=mg)? 2 2

p—or AN LU L YR ) (20)
xr

The multivariate extension for an N X 1 vector x yields the following pdf

fx:

o= (2) PR exp | = o — ) T (x| (21)
and c.f.
My (jv) = exp [jvax — %VTKXV} . (22)

where |A| denotes the determinant of the matrix A.

e The Gaussian distribution is completely determined/specified by its mean my and covariance
K.

e If a random vector x is normally distributed, then one typically denotes this by writing
x ~ N(my, Ky).

e Linear Transformations:

— Let x ~ N(my, Ky) and consider the affine transformation y = Ax + b.
— Note that the c.f. of the random vector y is given by

My (jvy) = B{e/M0¥} = B{eMvP . Vi A%} = eViP . My (jv, = jATv,)

1 (23)
— vy (Amxtb) - exp —EngKXATVy

— Hence, y ~ N(Amy + b, AK,A”), i.e. affine transformations of Gaussian random

vectors result in Gaussian distributed random vectors.

e Standardized Multivariate Normal:



Let x ~ N(my, Kx) and consider the vector z given by

z=K;'/?(x —my) = K;/?x — K{'/?my. (24)

From previous result, we conclude that z ~ N(0,I). The distribution N (0,I) is referred
as the standardized multivariate normal.

The shift in mean centers the distribution about the origin, and the multiplication by
—1/2 .. .
K /7 is said to whiten the process.

For the scalar case, z = (z — my) /o5, and has pdf given by

L -2 (25)

Ver

— Let z ~ N(0,I), and consider z, = Qz where the matrix Q is orthogonal, i.e. QQ’ =
Q'Q =1. Clearly, z, ~ N(0,1).

* The vectors z and z, have exactly the same pdf and c.f, i.e. they are equal in
distribution. This is often denoted in literature by writing

z 2 Zg. (26)

* The pdf of z is of the form f,(a) = g(||al|?) and its c.f. is of the form M,(jv) =
G(|[v||?). Such distributions are said to be spherically symmetric, and as we have
shown are invariant to orthogonal transformations.

e Stochastic Representation:

— Let z ~ N(0,I), and x ~ N(my, Kx), and consider the vector

h = m, + K2z (27)

— Clearly, this affine transformation leads to the result h ~ N(my,Ky), i.e. h 2 x.

— The transformation represented by h is very useful for computer simulation of a multi-
variate Gaussian of a specified mean and covariance matrix.

e Uncorrelated Gaussian random vectors:

— Let x ~ N(my, Ky), and consider the partition

X Ky, Ki2
- : Ky = ! 28
* le] * lKZI K;Q] (28)
— If K19 = KI, = 0, then
K;' 0
-1 — X1
Kx [ 0 K;zl ] ) (29)
and |Kx| = |[Kx,| - |[Kx,|- Consequently,
fx:fxl'fXQ- (30)



— Thus, if two Gaussian random vectors are uncorrelated, then they are likewise indepen-
dent.

o A useful moment theorem for Gaussians:

0, N odd
distinct
pairs
For example, if N =4
E{x1x2x3x4} = E{III1$2}E{(II3$4} + E{xlxg}E{x2x4} + E{x1x4}E{x2x3} (32)



Complex Random Scalars/Vectors

e Motivation for use of Complex Data Models

— Perhaps the most common appearance of complex data in practice consists of the in-

phase and quadrature components of demodulated data. The complex envelope rep-
resents the concatentation of the in-phase and quadrature components into a single
complex quantity and is ubiquitiously present in radar, sonar, and communication sys-
tems.

*x complex representation simplifies analysis, is more intuitive, and often leads to
complex dual of results known for real data.

* can be compared to simplication of Fourier Series using complex exponentials as
opposed to sines and cosines

The in-phase/quadrature components of demodulated data typically satisfy the circu-
larity assumption made on the covariance structure of the corresponding real process
(more said later)

Often processing is done in frequency domain. Fourier transform of data is complex in
general, even if original time series is real.

* Filtering and Fourier transforms involve linear transformation of data. Such trans-
formations often satisfy assumptions of central limit theorem allowing data to be
modeled as complex Gaussian.

Optimization simplifies significantly with complexified arithmetic (for example, complex
gradient techniques)

Goals of Complex Density:

1. Express pdf, cdf and all related statistical measures as a function of complex variables.

2. Obtain duality between known results for real random variables and those obtained

using complex random variables.

Concept of complex density was introduced by practicing engineers (see Wooding [3]). Rig-
orous theory ultimately developed by pure mathematicians (see Goodman [4], Miller [5]). A
nice tutorial introduction on complex Gaussian pdf/cdf can be found in Kay [2]. First we
consider a random complex scalar quantity.

Let 2 = g + jzr, and X = [zg,z7]7. Can we write

fz(u,v) = f7(u+ jv), (33)

where f~(u + jv) is in general a real valued function of a complex variable?

How would we define and interpret moments of a complex random variable? Here are the
natural definitions for the first two moments:

— First moment/mean:

E{#} £ B{sg} + jE{a1} = m;. (34)



— Second moment/correlation:
E{z5"} = B{|7*} = E{a%} + E{a7}. (35)
— Second central moment/variance:

E{(& —mp) (@ —my)"} = E{[Z]’} - |B{Z}’
E{zp} + B{zi} - B*{zr} + B*{ar}
O'%R + U%I.

2

o<
T

(36)

(1>l

e Note that for the second central moment, or variance of a complex scalar O'%, we have a single
number describing variation about the mean m in the complex plane zg, jz;. This is to
be contrasted with the 2 X 2 covariance matrix one would have for the corresponding real
vector X, which typically describe variation about the mean in the real 2-D plane zg, z;.

— It only makes sense to constrain the variances such that 0’% =02 o = = 02/2. This leads
to a pdf with circular symmetry about the mean m; in the complex plane. This is often
referred to as the circularity constraint.

e Regarding Cross-Correlation:
= E{NN*} m~m~ (37)
Note that when = g this reduces to the correct definition of variance.

e Concerning vector quantities, let X = xg + jx7, and X = [xk,x7]7. Note that if X is an
N x 1 complex random vector, then X is a 2N x 1 real random vector. Again, we ask can
we write

f;(uav) = f;(u_’_jv)a (38)
where f;(u+ jv) is in general a real valued function of several complex variables?

e How would we define and interpret moments of a complex random vector? Here are the
natural definitions for the first two moments:

— First moment/Mean vector:
~v A .
E{x} = E{xp} + jE{x;} = mg. (39)
— Second moment/Correlation Matrix:
E{xx"} = Rz, (40)

where the superscript H represents the conjugate matrix transpose. Note that the
correlation matrix is hermitian symmetric, Ry = R/g The outer product can be
expanded as

XX = (XR—{—jX])(X% _jx?) (41)
_ T T, T _ T
= XpXp +X7X7 + j(X7Xp — XpX7] ).
Thus, the correlation matrix consists of the terms

R; = RxR + Rx; + j(R[R — RR]). (42)



— Second central moment/Covariance Matrix:

Ky = B{(X-mg)(x-my"}
5 — mgm[ (43)
= Ky, + Ky, +7(Krr — Krgr)

I
7
|
=
!
=

]

— Properties of Correlation/Covariance matrix:
* Hermitian symmetric, i.e. K = Kg .
+ Positive semi-definite, a’ Ksa > 0, for all complex vectors a € cN.
* Eigenvalues are real and positive, \;(K5) > 0.
*x Higenvectors are orthogonal, qZH q; = 0;j.

e Regarding Cross-Correlation:
R~~ é E svHY ~ E 44
Xy {Xy } mxmy . ( )
Note that when x =y this reduces to the definition the correlation matrix R.

e Concerning the equality of density functions and corresponding c.f. suggested by eq(38), lets
consider pdfs possessing elliptical symmetry (for example, the multivariate Gaussian).

— Let

XR

~_ | Xr — | my, ~ | VR _ | Kxx Kir

X =Xp+jX;, mgy=my, +jmy,, v=vr+jvi, K;=Kpr+jK; (46)

— Let the pdfs be of the form

fz = g [(®—myTKS (% - mg), Ky |
(47)
fr = o |®-mp)TKZ (% —my), [Ks]]

Random vectors with pdfs satisfying this property are known in the literature as el-
liptically contoured distributed. Often they are presumptuously referred as spherically
invariant random vectors/processes (SIRVs or SIRPs)!. The concomitant c.f.’s can be
shown to similarly be of the form

Me(9) = o1 (vImg, vIK9)
(48)

!The presumption comes from the fact that often in a statistician’s initial analysis it is assumed that the mean
and covariance of a random process is known. One can, therefore, always center and whiten the process to produce
a spherically symmetric random vector. In practice, however, it is seldom that one knows these parameters a priori.
Often the mean and covariance must be estimated from sample data. The estimation process often limits our ability
to fully center and whiten a random process.

10



— It can be shown [2] that if the covariance K of the original real 2N x 1 vector is
constrained such that

Ky, = Ky =Kpg/2

XR

(49)
Kir = —-K§ =K//2,

(these relations represent the generalization of the circularity constraint) then we obtain
the following equivalences

1

§(A - m;)TKil()A( -mg) = (X-— m;)HKil(i — mg)
27(2N)/2|K§|71/2 — |K§|71
(50)
\AmeQ = Re {Vng}
viKev = 3 K;v.

— These basic relations allows an exact algebraic equivalence to be drawn between the
real and complex densities, i.e.

Huv) = frlu+jv)
(51)
M (jv) = Mz(jv)
— Next, as an example, we consider the most frequently used complex distribution.

e Complex Multivariate Gaussian Distribution

— Applying the appropriate equivalences to the multivariate real Gaussian distributed
2N x 1 random vector X one obtains the following multivariate complex Gaussian pdf
for the N x 1 complex random vector X:

fr=m VKg| Texp [~(% - mg) TKZ (% — mg)] (52)

M (5v) 2E {exp [jRe(\NrHi)]} = exp [jRe(\Nmeg) - ivHKg?r} . (53)

— This is denoted by writing X ~ CN (mg, K5).
— When N = 1 one obtains

1 |§ - mg|2
fi = ) €xp l_ o2 ] (54)
T T
- . ] 1 ~12 .2
M(jv) = exp |jRe(v"m3) — Z|v| o=|. (55)

— All the properties of real multivariate Gaussian random vectors persist in an equiva-
lent form for the complex multivariate Gaussian (for example, linear combinations of
complex Gaussians produce complex Gaussians).

11



Stochastic Processes

Recall that a random variable is defined as a mapping from an event space ) to the real
number line, i.e. for w € 2 one obtains x = z(w) € R. A stochastic process is similar, except
a time-function is assigned to every event.

A Stochastic Process (SP) is a rule for assigning to every event (; € Z a time function z(t, ;).
This function represents a single realization, or event. Sometimes called a sample function.

The collection of all possible realizations of the stochastic process is called the ensemble.
This family of time functions depends on both event ¢ and time £.

In practice, one samples a waveform typically modeled as a stochastic process. These samples
collectively represent a multidimensional random vector [z(t1), z(t2), ..., z(tx)]T.

— For any fixed ¢y (¢ varies) a sample of the process z(tp) is a random variable

— For any fixed (j (¢ varies) one obtains a sample time function.

Characterization of stochastic processes:

— First order distribution (cdf/pdf):

_ dFyy)(@1)

Fyy(z1) = Prlz(t) < z], fo()(71) . (56)
— Second order cdf/pdf:
Frt) o) (@1,22) = Priz(t) <z, z(t2) < z9,
(57)

dFmt o(t ($17$2)
fe(t))a(tn) (T1,22) = “gég@

N-th order cdf/pdf

Fx(tl),,x(tz),...,x(tlv) ($17$27 s ,IL'N) = Pr [x(tl) < $17$(t2) < Z, ... 7x(tN) < J:N] (58)

ON Fy1),0(ta)a(ty) (£1, T2, -+, )
6351 e (9£EN

fa(t),(ta)sma(tn) (T1, T2, TN) = (59)

— A complete characterization of a stochastic processes requires knowledge of this N-th
order distribution function for all possible ¢;, and for all N > 0.

If cdfs/pdfs are only known for N-tuples of ¢;’s up to a fixed value of N, then we say
that the stochastic process is only partially characterized.

e Statistics of Stochastic Processes

— Mean (1st moment)

n2(t) £ B{a(t)} = [ afs(a)da (60)

12



— Autocorrelation (2nd moments)

Ra(ty, t2) = E {a(t)z*(t2)} = / / 015 Fa(ts) () (01, a2)day day (61)

Note that R, (t,t) = E{|x(t)|*}, the average power. Symmetric, Ry (t1,t2) = R:(t2,t1)-
— Auto-covariance (central moments)
Ka(t1,t2) = Re(ti, t2) — na(t1)nz(t2) (62)
Note that K.(t,t) = E{|z(t) — n.(t)|?}, variance of z(t).
— Cross-correlation/covariance

Ryy(t,t2) = E{z(t1)y*(t2)}

Koy(ti,t2) = Ray(ti,ta) —na(t)ny(t2)

Symmetric, Rwy(tla t2) = R;I(tQ, tl), and K:L‘y(th tg) = ng:z: (t2, tl).
* Two processes z(t) and y(t) are said to be orthogonal if Ry, (t1,t2) = 0 for all 1, 5.

* Two processes z(t) and y(t) are said to be uncorrelated if Ky, (t1,t2) = 0 for all
t1,to.

e Uncorrelated increment / Independent increment

— Let t) <ty <t3<ty,and a= (L‘(tg) — (I,‘(tl), b= :E(t4) — :E(tg).

If a and b are uncorrelated for any ¢;, « = 1,2,3,4, then we say that the process has
uncorrelated increments.

If a and b are independent for any ¢;, 1 = 1,2,3,4, then we say that the process has
independent increments.

— For Gaussian processes uncorrelated increments implies independent increments.
e Joint Processes

— The complete characterization of joint processes x(t) and y(t) requires knowledge of the
joint cdfs/pdfs

Fx(tl)”x(t2),...,:v(tN),y(tl):y(tQ),...,y(tM) (T1, 22, ..., TN, YL, Y2, -+ -, YM) (64)
fm(t1)7,:L‘(tN),y(tl)yay(tM) (:El, “ e ’(I;Nﬂ y17 P ’yM) == (65)
a(N+M)FCE(t1)7-..,CE(tN)ay(t1),-..,Z/(tM) (1, TN YL, - YM)

dzry -+ 0xN,O0y1 -+ - Oynm
for all t,ty, n=1,...,N,m=1,...,M, and all N > 0, and M > 0.

e Stationarity

13



— Strict (Strong) Sense Stationary (SSS): A stochastic process is said to be stationary in
the strict sense if its statistical characteristics/properties are invariant to a shift of the
time origin.

* One consequence of this is that the all N-th order cdfs/pdfs are invariant to a
uniform shift of ¢;’s:
fe(t)yaltn) = fo(ti47) et +7)- (66)

* Consider first order descriptions. SSS requires that f ) = fz,) for all £; and
all 7. If we choose 7 = —#; + ¢, then clearly f,(;,) must be independent of time for
SSS to hold. Thus, mean is constant

ne(t) = E{z(t)} = /afx(t)(a)da =1 constant (67)

* Consider second order descriptions: SSS requires that fy(,47)2(1) = 9(7)-

— Wide (Weak) Sense Stationary (WSS): A stochastic process is said to be stationary in
the weak sense if

1. The mean of the process is constant, i.e. E{z(t)} = 1.

2. Autocorrelation function R(t1,ts) depends only on the time difference 7 = t1 — to.
Thus,

Ry(t+71,t) = E{z(t+71)z"(t)} = Ry(71)
(68)
Ki(t+71t) = Ry(r)— |77:1:|2 = Ky(7)
% Symmetries become R, (7) = R:(—7), and K, (1) = K} (—7).
* Note that R.(0) = E{|z(t)|*}, average power.
x If a Gaussian process is WSS, then it is also SSS.
— Nearly WSS

« If process z(t) has mean E{z(t)} = n,(t) and autocorrelation R,(7), then we can
create a WSS process z(t) by letting z(t) = z(t) — n,(¢). Note that n,(f) = 0 and
R, (1) = R, (7).

— Jointly stationary: Two processes z(t) and y(t) are said to be jointly stationary if the
joint statistics of z(t) and y(t) are the same as z(t + 7) and y(t + 7) for any 7.

« A complex process zZ(t) = z(t) + jy(t) is said to be stationary if the processes z(%)
and y(t) are jointly stationary.

— Processes z(t) and y(t) are said to be jointly WSS if
1. z(t) is WSS, and y(¢) is WSS.
2. Cross-correlation function depends on time difference,

Ryy(t+7,t) = E{z(t+7)y" (1)} = Ruy(7)

K:vy(t +7,t) = R:vy(T) - 7]:1:77; = K:vy(T)

14



— Note by the Schwartz Inequality that

2
B+ Dy O = | [ [ 0 fuesmrofar o)dasda,

2
= ‘/ / am\/f:v(t—I—T),y(t)(ama ay)ag);\/fx(t-i-ﬂ'),y(t) (az, ay)dawday (70)

IN

/|ax|2fw(t)(a:v)da:v / |ay* fy1) (ay)day
Hence,

|ny(7)|2 < R;(0) - Ry(0). (71)
When z(t) = y(t) we obtain the property that |R;(7)| < Rz(0).

e Ergodicity: A stochastic process is said to be ergodic if its ensemble averages equal appro-
priate time averages. Thus, any statistic of process z(t) can be determined from a single
sample function z(¢, ).

— For example, given process z(t) with constant mean E{x(t)} = 1, one could consider
estimating this mean from a single sample function with the time average:

1 T/2
- t,¢)dt. 72
=g [, 00 (72)
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Power Spectral Density

The power spectral density (PSD) is defined for WSS processes as the Fourier transform of
the auto-correlation function:

S.(f) = [ o:o Ry()e 1217 dr, (73)
Clearly,
— [ supeinay, (74)
Note that
Ro(0) = B2} = [ Sup). (75)

S (f) represents the distribution of average signal power over frequency. Hence, the name
PSD.

WSS Stochastic Processes Thru LTI Systems

Consider the a linear time-invariant (LTT) system with impulse response h(t) and system
function H(f) that is excited by a WSS stochastic process z(t):

z(t) — — y(t) (76)
Ny Re(T) H(f) My Ry(T)

where the output and input are related through convolution:

o0

y(t) = 2(t) « h(t) = /°° 2(a)h(t — a)da :/ 2t — a)h(a)da. (77)

— 00 —00

How are the statistical properties of the output process y(t) related to those of input process
z(t)?

— Means:

E{y(t)} = / E{z(t — a)th(a / ha (78)

Thus,

E{y(t)} = 1. - H(0) (79)
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— Cross-correlation: Note that

2t + 1)y (1) = / 7 (4 7)2* (t — b)h* (b)db. (80)

—00

Thus, taking expectation one obtains

Ruy(7) = [ O:o Ru(r + b)A* (b)db = Ra(7)  h*(—7). (81)

PSD relations obtained in frequency domain:

Suy(f) = Solf)H(f) (82)

— Autocorrelation: Note that
y(t +7) / / 2t + 7 — a)z* (t — b)h(a)h* (b)dadb. (83)

Thus, taking expectation one obtains

R,(r) = /_O:o U_O:ORI(Hb—a)h*(b)db h(a)da

(84)
= Ryy(7) * h(7).
Thus,
Ry(1) = Ry (1) % h*(—7) * h(T). (85)
PSD relations obtained in frequency domain:
Sy(f) = Se(NVH*(NH(f) = Sa(/)IH(f)I*. (86)
e Note that if we choose the following bandpass filter
LVAF, |f—fol <Af
H(f) = (87)
0, Otherwise
it follows that
0< B{ly)} = Ry = [ 8,51 = /__j 2oy 5.0 (58)

Since fp can be chosen arbitrarily we have the property that a PSD is real and non-negative:

Sy(f) >0 forall f. (89)
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