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Recently,
7

a spectral8 super-element approach9 was developedfor acoustic modeling in fluid
waveguides: ; H.

<
Schmidt,W. Seong,andJ. T. Goh,J. Acoust.Soc.Am. 98

=
,> 465–472 ? 1995@BA . The

approach9 usesa hybridizationof finite elements,boundaryintegrals,andwave-numberintegration
to
C

solvetheHelmholtzequationin a range-dependentoceanenvironment.It providesaccurate,full
two-way
C

solutionsto the wave equation,using either a full, global multiple scatteringsolution
technique,
C

or an efficient single-scatter,marchingsolution.This paperextendsthat work to mixed
fluid-elasticstratifications.SAFARI is usedas the basiccomputationalenginefor generatingthe
Green’s
D

function in an oceanwith arbitraryfluid-elasticstratifications.The hybrid modeltherefore
directly
E

providesthespectraldecompositionof thewavefield in termsof modalcomponents,head
waves: as well as seismicinterfacewaves.Extensivenumericalexperimentshaveshownthat the
methodgivesaccurateresultsparticularlyin theforwardscatterdirection.Forcomparisons,wehave
usedF a finite elementparabolicequationmodel,a boundary-elementcode,aswell as the recently
developed
E

virtual sourcealgorithm. © 1996
G

Acoustical Society of America.

PACSnumbers: 42.30.Bp,43.30.Dr,43.30.Gv H MBPI

INTRODUCTION

In recentyears,therehasbeena shift from deepocean
acoustics9 to the littoral or shallowwateracousticsandwith
it,
J

therecognitionthatrangedependenceandtheelasticityof
the
C

seabedplay an importantrole in theoverall propagation,
particularlyK in the low frequencyregime.The shallowwater
environmentL is an extremely complicated waveguide
bounded
M

aboveby a roughseasurfaceandbelow by an in-
homogeneous,
N

multi-layered elastic seabed.Further, the
acoustic9 propertiesof the water column are dependenton
temperature,
C

pressureandsalinity, giving riseto a significant
spatialO andtemporalvariation.The elasticseabedaddedan-
otherP degreeof complicationandit is only recentlythatmod-
elersL havebeenableto accountfor its effect to somedegree.
The
Q

excitation and propagationbehaviorsof seismicinter-
face
R

modes,inhomogeneouswaves,andboth headwaveand
multiply reflectedwave interferenceare all important phe-
nomenaandtheenergycarriedby seismicwavesis not neg-
ligible
S

comparedto the water-bornefield.
For
T

range-independentseismoacousticpropagationmod-
eling,L SAFARI1 is in widespreaduse for providing exact
referenceU solutions. Since SAFARI is based on integral
transforms
C

of the waveequation,it is not directly applicable
to
C

range-dependentproblems.Lu and Felsen2
V

derived
E

an
adiabatic9 transformationof the wave-numberintegrals for
weakly: range-dependentproblems. However, the method
works: well only for caseswhere the wave field is largely
dominated
E

by discrete
W

modes.3
X

Its extensionto the elastic
caseY is alsonon-trivial. Therehavebeenattemptsto usethe
moreZ generaldiscreteapproachessuchasthefinite difference
methods [ FDM\ ,> 4] and9 the finite elementmethods ^ FEM_ .5`
However,
<

sincethesemethodsrely on spatialand temporal
discretizations
E

which aresmallcomparedto thewavelengths,

they
C

are normally restrictedto modelingshort rangepropa-
gationa andscattering.

The
Q

parabolicb equation c PE
dfe

algorithm9 todayis without
doubt
E

the most popular approach to modeling range-
dependent
E

oceanwaveguides.However,in trying to extend
the
C

PE theory to elastic media, two main problemsarise.
First,
T

the field is describedby a vector g displacement
E h

ratherU
than
C

a scalar.Second,two different wave speedsexist in a
solidO andin a heterogeneousmediaor at boundaries,we have
continuousY conversionfrom onewave type to another.Fur-
thermore,
C

elasticbottomssupporta wide spectrumof propa-
gationa angles.Therefore,even though severalPE models
have been proposed for wave propagation in elastic
media,Z 6–1

i
2 onlyP a few of thesemodelswere implemented.

Notable
j

implementations include those of Wetton and
Brooke10 and9 Collins.11,12 Thus,for the mostpart, the para-
bolic
M

theoriesfor elastic waves have not been adequately
tested
C

numerically,particularly in two-way formulations.In
addition9 to beinglimited to weakrangedependence,a major
drawback
E

of thePEaswell asthediscretemethodsis thefact
that
C

the solutions are not as easily interpretedphysically.
Thus,
Q

themodalstructureof thefield canonly bedetermined
through
C

post-processing.13

In this paper,we extendthework in Ref. 14 to arbitrary
fluid-elastic
k

stratifications.The proposedmodelingapproach
canY provide full two-way global solution but is currently
implementedusingthemoreefficient single-scatterformula-
tion.
C

We presentboth forwardandbackscatternumericalso-
lutions
S

to a seriesof benchmarkproblems.

I.
l

THE SPECTRAL SUPER-ELEMENT APPROACH

A. Stratified super-elements

In
m

thespectral8 super-element approach,9 theenvironment
is
J

first divided into a seriesof range-independentsectors8 orP
1409 1409J.
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super-elements8 ,> separatedby vertical boundariesor cutso , a> s
illustrated
J

in Fig. 1. Within eachsector,the oceanenviron-
mentis horizontallystratifiedandwe will allow for arbitrary
fluid-elasticstratifications.

In
m

deriving the spectral-elementequationswe will as-
sumeO theacousticfield to beplane.Thus,in orderto account
for cylindrical spreading in axisymmetric scenarios,the
spreadingO factor is applied explicitly to the resulting field.
The
Q

validity of this approachis describedin theappendixof
Ref.
7

14.
The equationsof motion for a homogeneousisotropic

elasticL solid in planestrainaregiven by15,16

prqts
2
uwvyx{z|z~}

u���/�|������� u����� f
�{����� 2

V
u��

t� 2V ,> � 1�
where: � and9 � are9 the Lame�` constants,Y � is the density,
u��� (
�
u� ,> w� )

�
is thedisplacementvector,andf

�
is
J

thebody force
perK unit massof material.We write the displacementvector
in termsof two scalarpotentialfields, � and9 � ,> i.e.,

u���� �¡|¢�£�¤|¥ 0,
¦�§

,0>©¨ ,> ª 2u¬«
where: the first and secondterm representsthe dilatational
and9 rotationalpart of the solutionrespectively.Thesepoten-
tials
C

aresolutionsof the scalarwaveequations

­ 2
V�®|¯ 1

co p°2V²±
2 ³´
t� 2V ,>¶µ 2

V�·¹¸ 1

co sº2V	»
2 ¼½
t� 2V ,> ¾ 3¿¬À

where: co p° and9 co sº are9 the compressionaland shear wave
speedsO respectively,andaregiven by

co p°2 Á/ÂÄÃ 2 ÅÆ ,> co sº2 Ç/È ÉËÊ
Assuming an exp(i

ÌÎÍ
t� )� harmonic time dependenceÏ sup-O

pressedK henceforthÐ ,> the potentialsthen also satisfy the fol-
lowing
S

Helmholtzequations:ÑrÒ 2 Ó h
Ô 2 Õ¬Ö|× 0,

¦ ØÚÙ 2 Û�Ü 2 Ý¬Þ¹ß 0,
¦

where: h
Ô�àâá

/
ã
co p° and9 ä~åâæ /

ã
co sº denote
E

thewavenumbersfor
the
C

compressionalandshearwaves,respectively.
The field in eachsectoris now expressedasa superpo-

sitionO of the field producedin the stratifiedelementin the
absence9 of theverticalboundaries,u� * ,> thefield arisingfrom
the
C

left boundaryu��ç ,> and the field arising from the right
boundary,
M

u��è ,>

u��é xê ,> zëíìíî u� * ï xê ,> zë¬ðòñ u��ó(ô xê ,> zëíõíö u��÷�ø xê ,> zëíù ,> ú 4û
where: u� is takento denotecontributionsfrom the potentialü

and9 in the caseof an elastic stratification,also includes
contributionsY from ý .

Thewavefieldsaredeterminedusingan indirect
Ì

bound-
M

ary9 integral method,14 based
M

on Green’s theoremfor the
semi-infiniteO virtual element obtained by eliminating the
otherP vertical boundaryand letting the elementcontinueto
infinity,

u� iþ�ÿ r�����
S
���	� G
 j i

�
� r� ;r����� t� j��� r� ;n�����
� H j i

�
� r;r � ;n ��� u� j
��� r�! dS

W#"
. $ 5%'&

Here
<

u� j
� (� r� )� and t� j� (� r� ;n�)( )

�
are the r* j

� componentsY of the dis-
placementsK andtractionson theboundaryof thesemi-infinite
elementsL S

+-,
. G



j i
� (
�
r,> r . )

�
andH j i

� (
�
r,> r / ;n 0 )

�
are the j

1
th
C

com-
ponentsK of thedisplacementandtractionof theGreen’sfunc-
tions
C

at the point r� onP the surfaceS
+32

with: outgoingnormal
n 4 ,> dueto a unit force appliedin the i

Ì
th
C

directionat a point
r 5 .

Note
6

here, that the super-elementsalways have finite
depth.
E

Thus,in thepresenceof a lower half-space,the lower
boundary
M

of the super-elementis chosendeepenoughinto
the
C

half-spaceto ensurethat the field satisfiesthe radiation
conditionY along the horizontalboundary,in which casethe
associated9 surfaceintegralcontributionvanishes.

To solve the integral equationin Eq. 7 5%'8 ,> we introduce
both
M

symmetric and antisymmetric panel sourcesat the
boundary.
M

A displacementformulation in combinationwith
the
C

Galerkin approachis then used to reducethe integral
equationL into a systemof linear equations,the unknownsof
which: are the sourcestrengthsfor the panelsources.Once
these
C

unknown sourcestrengthsare determined,the wave-
field in eachsectorcan be determinedefficiently using fast
field program 9 FFP: techniques.

C
As in the direct global ma-

trix
C ;

DGM
< =

method,Z we expressthe field in eachlayer asa
superpositionO of the field producedby the panel source
within: the layer in the absenceof boundaries,referredto as
the
C

direct
W

panelK contribution u� ˆ ,> and an unknown field u�̄
which: is necessaryto satisfy the boundaryconditionsat the
layer
S

interfaces

u�)> u� ˆ ? u�̄ . @ 6A'B
The latter field must satisfy the homogeneousequationsof
motion and is referredto as the homogeneous

Ô
solution.O In

otherP words, they are the source-freewaves that must be
added9 to the direct panelcontributionsto satisfy the bound-
ary9 conditions.The homogeneousfield is governedby Eq.C
1D with: the body force term f equalL to zero.

B. Field expansion

The
Q

boundary conditions to be satisfied betweenthe
super-elements,O togetherwith Eq. E 5%'F ,> now providesan inte-
grala equationfor the field u��G onP the vertical boundariesof
the
C

super-element,the numericalsolutionof which requires
someO kind of discretization.For fluid super-elements,the

FIG.
H

1. Super-elementdiscretizationof range-dependentoceanwaveguides.

1410 1410J.
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boundary
M

conditionsare the continuity of pressureand par-
ticle
C

displacement,i.e. at the vertical boundaryj
1

separatingO
super-elementsO j

1
and9 j

1KJ
1,

u�)L xê j
� ,> zëNM

pbPO xê j
� ,> zëNQ

j
� R u�-S xê j

� ,> zëNT
pbPU xê j

� ,> zëNV
j
�XW

1

,> Y 7Z'[
and9 for elasticsuper-elements,the boundaryconditionsare
the
C

continuity of stressesanddisplacements,i.e.,

u�-\ xê j
� ,> zëN]

w�_^ xê j
� ,> zëN`a

xxbdc xê j
� ,> zë'ef

xzbhg xê j
� ,> zë'i

j
�
j

u�-k xê j
� ,> zëNl

w�_m xê j
� ,> zë'no

xxbdp xê j
� ,> zëNqr

xzbhs xê j
� ,> zëNt

j
�Xu

1

. v 8w'x

A
y

superscriptis usedto identify the super-elementhereand
in
J

the following. Since the field within each layer in the
stratificationO is a smoothfunctionof depth,we herechoosea
Galerkin



boundary element approach.9 17 In
m

the Galerkin ap-
proach,K the continuity of the field acrossthe vertical bound-
aries9 is expressedin the weak� form

0
z t{}| u� j

��~
xê j
� ,> zë'��� u� j

�X�
1 � xê j

� ,> zëN�N� u� j
���

xê j
� ,> zëN��� dz

W��
0,
¦ �

9
�'�

and9 similarly for thestresses.Thedisplacementsandstresses
are9 now expressedas expansionsin termsof a set of basis
functions.By choosingan orthogonalsetof expansionfunc-
tions
C

Eq. � 9�'� requiresU the expansioncoefficientsin the two
neighboring� sectorsto be identical. Here we choosean or-
thonormal
C

set of Legendrepolynomials,normalizedwithin
eachL layer � :

u�-� xê ,> zë'�
w�_� xê ,> zëN��

xxbd� xê ,> zëN� /ã���
xzbh� xê ,> zëN� /ã��

j
�
� 2
u¡ 
t��¢¤£

m¥§¦ 1

¨ U © m¥-ª xê�«
W ¬ m¥3­ xê�®
T
¯-°

m¥3± xê³²
S
+µ´

m¥3¶ xê�·

j
�
P
¸

m¥§¹ 1 º zë̄ » ,>½¼ 10¾
where: m¿ is

J
theorderof expansion,P

¸
m¥ is
J

theLegendrefunc-
tion,
C

and t��À is the thicknessof layer Á . The argumentto the
Legendrepolynomial is the normalized,local depthcoordi-
nate�

zë̄ Â zëÄÃ t��Å /2
ã

t��Æ /2
ã . Ç 11È

The
Q

expansioncoefficients U É m¥ (
�
xê )
�

through S
+µÊ

m¥ (
�
xê )
�

are
functions
R

of U Ë m¥ (0)
�

and W Ì m¥ (0),
�

the unknownF panel
sourceO strengthsof thesymmetricandantisymmetricsource,
respectively.In effect,theyarelike theGreen’sfunctionsfor
the
C

panelsources.As outlined earlier,we decomposethese
Green’s
D

functions into two components:one corresponding
to
C

the direct field due to the panelsourcein the layer, the
otherP correspondingto the reflectionsfrom the layer inter-
faces.
R

We can then write the expansioncoefficientU Í m¥ (
�
xê )
�

as9
U Î m¥3Ï xê�ÐNÑ Û Ò m¥-Ó xê³ÔNÕ Ū Ö m¥3× xê�Ø ,> Ù 12Ú

where: Û Û m¥ (
�
xê )
�

and Ū Ü m¥ (
�
xê )
�

denotethe direct and homoge-
neouscontributions,respectively.The othercoefficientscan
also9 be written in a similar manner.Theseexpansioncoeffi-

cientsY are used in the Galerkin schemewhen solving the
boundary
M

integral equation.We first derive vertical wave-
number representationsand subsequentlythese are trans-
formedinto horizontalwave-numberrepresentationssuitable
for
R

the DGM method.Theselatter forms arealsouseful for
efficientL computationof the resultantfield.

C.
Ý

Direct panel source contribution

We
Þ

startby definingthepotentialsfor thepanelsources.
The compressionalandsheardisplacementpotentialswhich
satisfyO the Helmholtz equationand the radiation condition
canY be written in termsof a vertical wave-numberspectral
representationU as

ß¡àâá
xê ,> zëNãNä åâææ A çâèêéµë e��ì xb�í e��î i ïñð zò�ó t{}ô /2

õµö
d
Wø÷

,> ù
13úû�üµý

xê ,> zëNþNÿ � �� B
��������	

e��
 xb�� e��
 i ��� zò�� t{�� /2
õ��

d
W��

,>
where: � ,> i

Ì����
i
Ì�� � 2  h

Ô 2 and9 i
Ì"!$#

i
Ì�% & 2 ')( 2 are9 the vertical

and9 horizontal wave numbers,respectively.The quantities
A * (
�,+

)
�

andB - (
�/.

)
�

arethesourcespectrumsto bedetermined
from
R

boundaryconditionsat the vertical interface.

1. The symmetric problem

The
Q

symmetricproblemis characterizedby two condi-
tions
C

at the discontinuity(xê10 0),
¦

2
xzb43 0,
¦

zë65 /ã87:9<; u�=
zë?>

@
w�A
xê)B 0,

¦ C
14D

u��E 0,
¦

zë6F6G<H�IJ
xê)K

L�MN
zë

O 2 P
t�RQTS

m¥VU 1

W
U X m¥ZY 0¦�[ P¸ m¥V\ 1 ] zë̄ ^ , 0> _ zë/` t�8a

0,
¦

otherwise.

b
15c

Substitution
d

of Eq. e 13f into Eq. g 15h yieldsi a relationship
between
M

Uj m¥ (0)
�

and A
kml

(
�/n

)
�

and subsequentlyEq. o 15p be-
M

comesY

u�rq 0,
s

zë6t6u vxwwzyZ{
2
|

} A
~��� 1 �������

e� i � t{�� /2
õ

e��� i � zò d��� ,�
� 2 �

t�8�T�
m�V� 1

�
U
���

m�Z� 0s�� Pm�1� 1 � zë̄ � ,�   16¡
where¢ £1¤ 2

¥§¦ 2
|©¨)ª

2
|
. We definetheFouriertransformpair as

f
«�¬

zë6­6® ¯x°° g±�²�³�´ e��µ i ¶ zò d��· ,� ¸
17¹

g±�º�»�¼6½ 1

2
¥¿¾ ÀxÁÁ f

«rÂ
zë6Ã e� i Ä zò dz

�
,�

andÅ taking the forward transformwith respectto zë ofÆ Eq.Ç
16È ,� we obtain

1411 1411J.
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ÊZË 2Ì A ÍÎ 1 ÏÑÐ�Ò�Ó e� i Ô t
Õ�Ö /2
×�Ø 1

t�RÙ�Úm�VÛ 1

Ü
U Ý m�ZÞ 0s�ß

0
à tÕ�á Pm�Vâ 1 ã zë̄ ä e� i å zæ dz

�
.ç

18è
Making useof the relation,18

0
à tÕ�é Pm�Vê 1 ë zë̄ ì e� i í zæ dz

�ïî
t�8ð e� i ñ�ò tÕ�ó /2

×�ô
i
õ m�Vö 1j

1
m�V÷ 1

t�8øZù
2

,� ú 19û
where¢ j

1
m�Vü 1 is the sphericalBesselfunction, we obtain for

the
ý

symmetricpart of the sourcespectrumA þ (
�,ÿ

),
�

A
~��� 1 �����	��
 �
 2

|����
m��� 1

�
U � m��� 0s�� iõ m��� 1j

1
m��� 1

t�����
2
¥ . � 20

¥! 
Substitution
"

of the aboveinto Eq. # 14$ yields%
B &' 1 (�)�*	+�,.- 2i

õ0/
1 2
|32

m��4 1

5
U 6 m�87 0s�9 iõ m��: 1j

1
m��; 1

t�=<�>
2

. ? 21@

2. The antisymmetric problem

Theantisymmetricproblemis similarly characterizedby
two
ý

conditionsat the discontinuity,

A
xxb�B 0,
s

zë�C /ã�D�E FHG 2 IJ
K

uLM
xêON

P
Q
R

w�S
zë�T 0,

s U
22V

w�XW 0,
s

zë0Y[Z]\�^_
zë�`

acb
d

xê

e 2 f
tg=hjimk�l 1

m
W n mk�o 0s�p Pmk�q 1 r zë̄ s , 0� t zëvu tg�w ,�

0,
s

otherwise.

x
23
y3z

After somealgebrawe obtain the antisymmetricpart of the
source{ spectrumas

A |} 2 ~����	��� 2
y

i
õ0�
� 2
|3�

mk�� 1

�
W � mk8� 0s�� iõ mk�� 1j

1
mk�� 1

tg=���
2

,� � 24�

B �� 2 �����	��� �� 2
|0���

mk�� 1

�
W � mk�  0s�¡ iõ mk�¢ 1j

1
mk�£ 1

tg�¤8¥
2

. ¦ 25§

3. Series representations for the direct panel field

The unknown panel source strengths U ¨ mk (0)
�

and
W © mk (

�
0) arenow determinedthroughmatchingthe relevant

boundary
ª

conditionsat the vertical cut. We do this by the
Galerkin
«

boundaryelementapproachwhich simply requires
that
¬

theexpansioncoefficientsin thetwo neighboringsectors
be
ª

identical.Theseexpansioncoefficientscanbestraightfor-
wardly­ extractedfrom thepotentialrepresentationsaboveby
using® the orthogonalityrelation for the Legendrepolynomi-

FIG.
¯

2. Modified NORDA 3A testcase° Ex.
±

A ² . ³ á Test
µ

configuration,¶ b·¹¸
receiverº at 50 m, » c¼ receiverº at 110 m. Solid : SAFARI, dashed:spectral
super-element.

FIG. 3. Ex. B : Configurationfor the single layer benchmarks.

1412 1412J.
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als.¾ In practice,we needto truncatethe infinite seriesexpan-
sions{ at a sufficiently high order.Sincethe Legendrepoly-
nomialsrepresentthe vertical variation in the field, onecan
obtain¿ thetruncationlimit from anestimateof thenumberof
normalÀ modes.

Let
Á

us considerthe coefficientÛ Â k
Ã (� xê ),
�

uL	Ä	Å xê ,Æ zë�Ç�È 2
yÊÉ
tg�ËÍÌkÃÏÎ 1

Ð
Û Ñ k
ÃÏÒ xêÔÓ Pk

Ã[Õ
1 Ö zë̄ × . Ø 26Ù

We
Ú

first multiply both sidesof Eq. Û 26Ü by
ª

Pmk�Ý 1(
�
zë̄ )� . Inte-

gratingÞ over the layer thicknessandusing the orthogonality
propertiesß of Legendrepolynomials,

0
à tÕáà P
â

mk�ã 1 ä zë̄ å Pâ k
ÃÏæ

1 ç zë̄ è dz
éëê tg�ì

2míïî 1,
míïð k

ñ
,Æ

0,
ò

míïó k
ñ
,Æ

ô
27
y!õ

together
ö

with the identity,

0
à tÕá÷ P
â

mk�ø 1 ù zë̄ ú eû�ü i ý zæ dz
éÿþ

tg�� eû�� i ��� tÕ�� /2
×
	

i
õ mk�� 1 
�� 1 � mk�� 1

�
j
1

mk�� 1

tg����
2

,Æ � 28�

and� the expressionsfor the sourcespectrumsderivedprevi-
ously,� we obtain

TABLE
µ

I. Parametersfor the seriesof two-sectorcanonicaltestproblems.
Wave
�

speedsare given in m/s, densitiesin g/cm3
�
, and attenuationin dB/�

.

Benchmark
�

Parameters B1 B2 B3 B4 1.0 1.5 1.5 1.5
Left
!

cp" 1500 1700 1700 1700
sector cs# 0 700 700 700$

p" 0.2 0.2 0.2 0.2%
s# 0 0.5 0.5 0.5& 1.5 1.0 1.5 1.5

Right
'

cp" 1700 1500 1800 3000
sector cs# 700 0 900 1700(

p" 0.2 0.2 0.2 0.2)
s# 0.5 0 0.5 0.5

FIG.
*

4. Solutionsto the singlelayer benchmarks.+ a, caseB1, - b.0/ caseB2,
solid: BEM, dashed: VISA, dotted:spectralsuper-element.

FIG. 5. Solutionsto thesinglelayerbenchmarks.1 a2 caseB3, 3 b.04 B4, solid:
BEM,
�

dashed: VISA, dotted:spectralsuper-element.
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Û 6 mk�7 xê98;: Cmk=<
k
Ã?>

1

@
i
õ mk�A k

ÃCB
2 DFE
E

d
éHG IKJL 2 eûNM xbPO

Q 2 R 2
S

T 2
S eû�U xbWV U X k

ÃCY 0òNZ;[ \ 2i
õW]_^` 2
S eûNa xb�b

c i
õWdfeg 2
SWh eûNi xb;j W k k

Ãml 0òNn j
1

mk�o 1

tg�p_q
2

r
j
1

k
ÃCs

1

tg�t�u
2
y ,Æ v 29

yxw
wherey Cmk�z (2

{
mí}| 1) ~ mk tg�� /(2

���
)
�

and � mk�� (
{;�

1)mk�� 1. Expan-
sion� coefficientsfor the other field parameterscan be ob-
tained
ö

in a similar fashion.Whenevaluatingtheseintegrals,
wey can exploit their symmetriesin (mí ,Æ kñ )

�
to reduce the

amount� of computation.In addition, for x�f� 0
ò

, someof the
integrals can be evaluatedin closed form. In Sec. II, we
discuss
�

someof the numericalissuesinvolved in evaluating
these
ö

integrals.

4. Horizontal wave-number representations for the
direct panel field

The
�

displacementpotentialsin theverticalwave-number
domain
�

are
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x� ,Æ z�;�;� ���

� �
� 2
S������W�N ;¡ 2

y
i
õ;¢£ 2
S¥¤§¦W¨
©

ª
eûN« xb�¬ eûN­ i ®�¯ zæ�° tÕ�± /2

×
²
d
é�³

,Æ ´
30
µx¶·9¸
¹

x� ,Æ z�;º;» ¼F½
½

¾ 2
y

i
õW¿À 2 Á�ÂWÃ
Ä

Å ÆÇ 2 È=É§ÊWË
Ì eûNÍ xb;Î eûNÏ i ÐÒÑ zæ�Ó tÕ�Ô /2
×
Õ

d
éHÖ

,Æ
wherey

×�ØÚÙ
Û;ÜÞÝ
mk�ß 1

à
U á mk�â 0òNã iõ mk�ä 1j

å
mk�æ 1

tg�ç_è
2
y ,Æ é

31
µxêë§ìWíNî?ïñð

mk�ò 1

ó
W ô mk_õ 0òNö i÷ mk�ø 1j

å
mk�ù 1

tg�ú�û
2
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The DGM methodfor the multi-layeredsectorrequiresthe
integral representationsfor the free-spaceGreen’sfunction
to
ö

be expressedin termsof the horizontalwave number,sü .
Using
ý

contourintegrationasdevisedby Heelan,19 the
ö

verti-
calþ wave-numberintegralsof Eqs. ÿ 30

µ��
are� convertedinto

horizontal wave-numberintegrals.After somealgebra,the
potentialsß in the sü domain

�
become

�����
x� ,Æ z����	 
��

�
� 


sü�� 2S������ i
÷�������� 2i
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h
p 2Srq ss 2S ,Æ

FIG. 6. Ex. C : Schematicof the elasticcylindrical seamount.

FIG. 7. Elasticcylindrical seamountt Ex. Cu . Receiverat 80 m. v aw Forward
scatteredbulk stress, x by%z forward scatteredshear stress. solid—VISA;
dashed—spectralsuper-element.
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i
jh|�}o~ � 2Sr� ss 2S ,Æ ��� 2 � 2

S����
2
S
,Æ���� 2ss 2S���� 2S ,Æ

and� � and� � are� given by Eq. � 31
���

. The potentialsgiven by
Eq.
� �

32
���

are� valid only for z�f� 0
ò

and z��� t��� ,Æ but still allows
for the applicationof the global matrix methodwhen satis-
fying the horizontalinterfaceboundaryconditionssinceit is
at� the interfacesz�f� 0

ò
andz�f� t�h� of� eachlayer that the fields

are� being matched.However,it is desirableto havea hori-
zontal wave-numberintegral representationthat is valid
withiny the layer so that efficient FFPtechniquescanbe em-
ployedß for the resulting field computation.In Ref. 20 we
derive
�

a discretizedequivalentpoint sourcehorizontalwave-
numberrepresentationfor thesepotentialsthat is valid for
0
ò*�

z��  t�h¡ .
We
¢

now simply useEq. £ 32
�c¤

as� the sourcecontribution
in
¥

the SAFARI code1 to
ö

determinethe associatedhomoge-
neoussolution,the expansionsof which aredescribedin the
next section.

D. Homogeneous solution

The
¦

horizontalwave-numberintegral representationfor
the
ö

homogeneoussolutioncanbeobtainedby a directexten-
sion� of theequationspresentedin SchmidtandJensen.21

S
The

completeþ homogeneoussolutionis givenby thesumoverall
finite
§

layersaswell asoverall ordersof expansion.Usingthe
orthogonality� relation of Legendrepolynomials,expansion
coefficientsþ canbe extractedas
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Each
�

combinationof indicesnN and� k
ñ

representsO a singleSA-
FARI
P

run. Here A
��Q

,nkºR and� B
� S

,nkºT are� respectivelythe up/
down
�

goingcompressionalandshearwavesin layer U due
�

to
the
ö

k
ñ
th
ö

ordersymmetricV source� in layernN . Thecorresponding
quantitiesW from the antisymmetricX source� are C Y ,nkºZ and�
D [ ,nkº\ . However, the DGM can treat multiple right-hand
sides� simultaneouslyandhenceall the amplitudesof the up/
down
�

going wavescan be found with just a single global
matrix inversion. This makesthe algorithm very efficient
even] for problemswith a large numberof layersand high
orders� of expansion.

E. Element connectivity

Insertingthe field expansionsin Eq. ^ 10_ into the weak
form of the boundaryconditionsin Eq. ` 9acb leadsto the con-d
nectivityN equationse betweensuper-elementsj

9
andf j

9�g
1. The

numberh of equationsfor eachlayer dependson the number
ofi expansionterms used as well as the type of media in
super-elementsj j

9
andf j

9�k
1. In general,theconnectivityequa-

tions
l

are

U m mªon x� j
prq

W s mªot x� j
pru

T
àwv

mªox x� j
pry

S
â{z

mªo| x� j
pr}

j
p

~
U � mªo� x� j

pr�
W � mªo� x� j

pr�
T
àw�

mªo� x� j
pr�

S
â��

mªo� x� j
pr�

j
p��

1

,�

���
1, . . . ,N

�
,� m��� 1,..., M . � 34

���
Here
�

N
�

is
�

the numberof layers and M
�

is
�

the numberof
expansione terms usedwithin eachlayer. By systematically
matchingboundaryconditionsalongthe vertical cut, we ob-
tain
l

a linear systemof equationsfor the unknown panel�
source� strengths for

�
super-elementsj

9
andf j

9��
1. Once the

FIG.
�

8. Elastic cylindrical seamount  Ex.
¡

C¢ . Receiverat 80 m. £ a¤ Back
�

scatteredbulk stress,¥ b¦�§ back
¦

scatteredshearstress.Solid—VISA; dashed—
spectralsuper-element.
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unknown© sourcestrengthsaredetermined,the resultingfield
canþ thenbedeterminedefficiently with DGM usingthehori-
zontal wave-numberspectralrepresentations.The readeris
referredto Schmidtetª al.14 for a discussionon implementing
an« efficient marchingalgorithmfrom the systemof connec-
tivity
¬

equations.

II.
­

NUMERICAL IMPLEMENTATION

The numerical implementationof the spectral super-
element® methodrequirescareful treatmentof the infinite in-
tegrals
¬

associatedwith theexpansioncoefficientsof thefield
parameters.¯ It is clearfrom Eq. ° 29

°�±
that
¬

at largewavenum-
bers,
²

the integrandis highly oscillatorywith an irregularfre-
quencyW determinedby the relative orders of the spherical
Bessel
³

functions. In addition, at large wave numbers,we
requirepropercancellationof the contributionsarisingfrom
the
¬

symmetricandantisymmetricsourcesin orderto arriveat
a« finite value for the expansioncoefficient. The matter is
further
´

aggravatedby the slow decayof the integrands.
To evaluatetheseintegrals,we useadaptiveintegration

routines from the QUADPACK22
µ

library. In addition, we
have
¶

implementeda brute force method in which partial
sums· of the integrandare first obtainedby integrating in
between
²

the zerosof the oscillating integrand.An accelera-
tion
¬

techniqueis then usedto speedup the convergenceof
the
¬

partial sums.Finally, we also employ a modificationof
the
¬

standardGauss–Chebyshevquadraturedevelopedby
Perez-Jordaetª al.23

µ
and« Perez-JordaandSan-Fabian.24

µ
Their

formulation is particularly suited for automaticquadrature.
The
¦

readeris referredto Ref. 20 for moredetailsaboutthe
various¸ quadratureschemes.

III.
­

NUMERICAL EXAMPLES

In the following we illustratehow the presentapproach
provides¯ accuratesolutionsto canonicalpropagationandre-
verberation¸ benchmarkproblems.We compareour solutions
with¹ resultsobtainedfrom the boundaryelementcode by
Gerstoft
º

andSchmidt,25
µ

the
¬

virtual sourcealgorithm » VISA
¼ ½

by
²

Schmidt26
µ

and« thefinite elementparabolicequationmodel¾
FEPES
P ¿

ofÀ Collins.12 Unless
Á

otherwisenoted, the super-
element® solutionsareobtainedusingonly four ordersof ex-
pansion¯ in thefield parameterswithin eachlayer.In addition,
in
Â

eachof the examples,we take the water column to be
lossless
Ã

with a soundspeedof 1500 m/s and a density of
1 g/cm3

Ä
.

A.
Å

Modified NORDA benchmark

Example
Æ

A is basedon case3A usedin the NORDA
Parabolic Equation Workshop.27

µ
This problem was first

modifiedfor useasa testcasefor elasticPE by Wettonand
Brooke
³ 10 and« we run a slightly different versionhere.The
waveguide,¹ illustratedin Fig. 2Ç a«ÉÈ ,Ê consistsof a water layer
with¹ a thicknessof 100m, overa solid layerwith a thickness
ofÀ 100 m, a densityof 1.2 g/cm3

Ä
,Ê a compressionalspeedof

1590 m/s, and a shearspeedof 500 m/s. The solid has a
compressionalþ attenuationof 0.2 dB/Ë and« a shearattenua-
tion
¬

of 0.5 dB/Ì . A 25-Hz line sourceis placedat a distance
ofÀ 5 km from an artificial transparentinterface.The primary

test
¬

here is to seehow well energy is coupled through a
transparent
¬

vertical interfaceandrepresentstheextremecase
ofÀ a low-contrastvertical step. ComparisonsbetweenSA-
FARI andour solutionsfor receiverdepthsof 50 and110m
are« shownin Fig. 2Í b²cÎ and« Ï cþ�Ð . For clarity we haveshownthe
solution· from 2 to 8 km and we seethat the super-element
solution· agreeswell with SAFARI. For rangesless than 5
km, the super-elementformulation reducesto SAFARI ex-
actly« and we see perfect agreementin the solutions. For
rangesbeyondthe artificial interface,the agreementis still
quiteW good for both receivers,indicating proper coupling
across« the interface.

B. Single layer benchmarks

Thenextbenchmarkconsistsof a setof two-sectorprob-
lemsshownin Fig. 3. The waveguideis boundedat the top
and« bottom by a pressurereleaseboundary.A 25-Hz line
source· is placedat a depthof 25 m andat a distanceof 2 km
from the vertical discontinuity.By boundingthe waveguide
by
²

pressurereleaseboundaries,this benchmarkrequiresthe
propagation¯ codeto properlyconserveenergybeforeonecan
arrive« at the correctanswer.In addition,by varying the ma-
terial
¬

propertieson both sidesof the discontinuity,we can
assess« the sensitivity of a particularcodeto contrastin the
primary¯ directionof propagation.TableI showsthefour dif-
ferentconfigurationsthat we havechosen.

TheBEM code25
µ

is expectedto producegoodresultsfor
this
¬

setof benchmarksandis thereforetakenasthereference
solution.· Solutions for the normal stress Ñ zzÒ at« a receiver
depth
�

of 35 m areshownin Figs. 4 and5 andwe generally
havegoodagreementamongthe threesolutions.

C.
Ó

Elastic cylindrical seamount

ExampleC, shown in Fig. 6, consideran elastic sea-
mount in a cylindrically symmetricoceanenvironment.The
fluid
Ô

version of this problem first appearedin Gilbert and
Evans.
Æ 28 A

Õ
25-Hz sourceis located in the middle of the

waveguide.¹ The depth of the water column at the source
rangeis 200 m. A 135-m-highseamounthasinner radius5
km
Ö

and outer radius10 km. The bottom is a homogeneous
half-space
¶

with a compressionalsoundspeedof 1700 m/s
and« a shearspeedof 700 m/s.The densityis 1.5 g/cm3

Ä
and«

the
¬

compressionalandshearattenuationin the bottomis 0.2
and« 0.5 dB/× respectively.Ø We solved this problem using
onlyÀ threerangesectorsandeight layersdown to a depthof
400m. We showbothforwardandbackscattereddilatational
and« shearstressat a receiverdepthof 80 m. Comparisons
between
²

the virtual sourcealgorithm and the super-element
methodare shownin Figs. 7 and 8. In forward scatter,we
haveexcellentagreementbetweenthe two solutions.

There
¦

is also good agreementin the backscattersolu-
tions.
¬

The increasein backscatterenergyat the sourcerange
in Fig. 8Ù a«�Ú is due to the fact that for a point sourcein a
cylindricallyþ symmetricwaveguidethe backscatteredenergy
focuses
´

at the sourcerange.The high-frequencyoscillations
seen· in the backscatterVISA solution are due to numerical
noisecreepinginto theextremelyª low field valuescomputed.
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D. Embedded step discontinuity

ExampleD, taken from Collins11 and« shown in Fig. 9
involves
Â

two solid layers and a step discontinuity in layer
thickness.
¬

A 25-Hzsourceis placedat a depthof 50 m in the
upper© layer,which is 500 m thick for rangeslessthan7 km
and« 250 m for rangesbeyond7 km. The compressionaland
shear· speedsin theupperlayer is 1500and700m/s, respec-
tively
¬

andthe mediumis assumedto be lossless.The lower
layer is a half-spacewith compressionaland shearspeeds
equal® to 1600nd 750 m/s, respectively.The attenuationsin
the
¬

lower medium is 0.5 dB/Û for
´

both wave types. The
density
�

in the upperandlower mediumis 1 and1.2 g/cm3
Ä
,Ê

respectively.This particularproblemhasa very low contrast

across« the vertical interface and we presentforward and
backscatter
²

solutionsat two receiverdepths.In the forward
direction
� Ü

Fig.
P

10Ý ,Ê we have good agreementbetweenthe
three
¬

solutions.
In thebackscatterÞ Fig. 11ß ,Ê thereis somedisagreement,

particularly¯ near the scatteringsurface.We believedthis is
due
�

to inaccuraciesassociatedwith the largedynamicrange
between
²

the forward andbackscatteredfield.

E. Elastic ASA wedge

ExampleE, shown in Fig. 12 is test case3 from the
ParabolicEquationWorkshopII.29

µ
This is an elasticversion

ofÀ the standardASA wedgebenchmarkproblem.A 25-Hz
point¯ sourceis placedat 100-mdepth.The oceandepthde-

FIG.
à

10. Embeddedelasticstep á Ex.
â

Dã . Total normalstress.ä aå Receiver
'

at
100 m. æ b¦�ç Receiver

'
at 300 m. Solid—BEM; dashed—VISA;dotted—

spectralsuper-element.

FIG. 11. Embeddedelasticstep è Ex. Dé . Back scatterednormalstresssolu-
tion.
ê ë

aì Receiverat 100 m. í b¦�î Receiverat 300 m. Solid—BEM; dashed—
VISA;
ï

dotted—spectralsuper-element.

FIG. 9. Ex. D : Embeddedstepdiscontinuity.

FIG. 12. Ex. E : Environmentfor ASA elasticwedge.
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creasesþ linearly with rangefrom 200m at thesourcerangeto
zeroð at rñóò 4

ô
km. The oceanbottom has a compressional

sound· speedof 1700m/s anda shearspeedof 800 m/s.The
density
�

is 1.5g/cm3
Ä

with¹ thecompressionalandshearattenu-
ations« at 0.5 dB/õ . The environmentis discretizedinto 17
layers,
Ã

eachof abouta wavelengthin depth,and 56 range
sectors.· In Fig. 13 we presentsolutionsfrom the parabolic
equation® modelandthesuper-elementmethod.Thereis good
agreement« for theshallowreceiverandfor thereceiverin the
bottom,
²

the agreementis still quite goodandthe differences
are« primarily due to the particularmannerin which the en-
vironment¸ is beingdiscretized.

F. Step periodic roughness patch

Example F considersa step periodic roughnesspatch
shown· in Fig. 14.A similar fluid examplewasfirst treatedby
Evans
Æ

and Gilbert.30
Ä

The
¦

patchextendsfrom 5–10 km and
the
¬

depthvariationsconsistsof stepswhich are 10 m high,
100 m long and 200 m apart.Hencethereare 5 stepsper
kilometer.Thesource,at a frequencyof 50 Hz, is at a depth
ofÀ 18 m, and Fig. 15 shows the bulk stressfor receiver
depths
�

of 50 and 150 m. The spectralelementsolution is
computedþ usingeight ordersof expansion.The transmission
loss is comparedto the referencesolution for a flat-bottom
waveguide¹ ö SAFARI

÷ ø
. For the bottom receiver,we seean

increasein the field below the roughnesspatchandthis is a
result of energybeing dumpedfrom the water column into

the
¬

bottom.This behavioris mostclearlyseenin thecontour
plots¯ of Fig. 16. This testproblemprovidesa goodexample
ofÀ energylossdueto bottomroughness.

IV.
­

CONCLUSION

We
¢

have extendedan earlier publishedsuper-element
approach« for wave propagation in multi-layered range-
dependent
�

fluid environmentsto handlearbitraryfluid-elastic
stratifications.· The approachis capableof computingboth
the
¬

forward scatteredand the reverberantfield, particularly
FIG.
ù

13. ASA elasticwedge ú Ex.
û

Eü . ý aþ Receiver
'

at 30 m, ÿ b¦�� Receiver
'

at
150 m; solid—FEPE,dashed—spectralsuper-element.

FIG.
ù

14. Ex. F : Schematicof the periodicroughnesspatch.

FIG.
ù

15. Step periodic roughnesspatch � Ex.
û

F� . Forward dilatation : � a�
Receiver
'

at 50 m. � b¦�� Receiver
'

at 150m. Solid—SAFARI;dashed—spectral
super-element.
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suitable· for treating reverberationfrom large scaleoceanic
featuresand canonicalbenchmarkproblems.The numerical
efficiency® of the approachis obtainedby using SAFARI to
computeþ all influencefunctionsfor eachsuper-elementwith
oneÀ global matrix inversion. Wave-numberintegration is
also« usedfor evaluatingthe field within eachsuper-element
onceÀ the boundarypanel sourcestrengthsare found. Even
though
¬

the extensionis straightforwardconceptually,its nu-
merical implementationis nontrivial. In particular, the ex-
pansion¯ coefficientsarerepresentedby infinite integralsthat
are« slowly convergentas well as exhibiting rapid irregular
oscillationsÀ at infinity. However,extensivenumericalcom-
putations¯ havedemonstratedthe performanceof the present
implementation,
Â

particularlyin the forward scatterdirection.
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