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Recently, a spectral super-element approachwas developedfor acoustic modeling in fluid
waveguidegH. Schmidt,W. SeongandJ. T. Goh, J. Acoust.Soc.Am. 98, 465-472(1995]. The
approachusesa hybridizationof finite elementspboundaryintegrals,andwave-numbeintegration
to solvethe Helmholtzequationin a range-dependemtceanenvironmentlt providesaccuratefull
two-way solutionsto the wave equation,using either a full, global multiple scatteringsolution
techniquepr an efficient single-scattermarchingsolution. This paperextendsthat work to mixed
fluid-elastic stratifications.SAFARI is usedas the basiccomputationalenginefor generatingthe
Green’'sfunctionin an oceanwith arbitraryfluid-elasticstratifications.The hybrid modeltherefore
directly providesthe spectraldecompositiorof the wavefield in termsof modalcomponentshead
wavesas well as seismicinterfacewaves.Extensivenumericalexperimentshave shownthat the
methodgivesaccurataesultsparticularlyin theforwardscatterirection.For comparisonsye have
useda finite elementparabolicequationmodel,a boundary-elementode,aswell asthe recently
developedvirtual sourcealgorithm. © 1996 Acoustical Society of America.

PACSnumbers: 42.30.Bp,43.30.Dr,43.30.Gv[MBP]

INTRODUCTION

In recentyears,therehasbeena shift from deepocean
acousticgo the littoral or shallowwater acousticsand with
it, therecognitionthatrangedependencandthe elasticity of
the seabedlay animportantrole in the overall propagation,
particularlyin the low frequencyregime.The shallowwater
environment is an extremely complicated waveguide
boundedaboveby a rough seasurfaceand below by anin-
homogeneous multi-layered elastic seabed. Further, the
acousticpropertiesof the water column are dependenton
temperaturepressureandsalinity, giving rise to a significant
spatialandtemporalvariation. The elasticseabedaddedan-
otherdegreeof complicationandit is only recentlythatmod-
elershavebeenableto accountfor its effectto somedegree.
The excitation and propagationbehaviorsof seismicinter-
face modes,inhomogeneousvaves,and both headwaveand
multiply reflectedwave interferenceare all important phe-
nomenaandthe energycarriedby seismicwavesis not neg-
ligible comparedo the water-bornefield.

Forrange-independeseismoacoustipropagatiormod-
eling, SAFARI! is in widespreaduse for providing exact
reference solutions. Since SAFARI is basedon integral
transformsof the wave equation,it is not directly applicable
to range-dependenproblems.Lu and Felsed derived an
adiabatictransformationof the wave-numberintegrals for
weakly range-dependenproblems. However, the method
works well only for caseswhere the wave field is largely
dominatedby discrete modes? Its extensionto the elastic
caseis alsonon-trivial. Therehavebeenattemptsto usethe
moregeneraliscreteapproachesuchasthefinite difference
methods(FDM),* and the finite elementmethods(FEM).>
However,sincethesemethodsrely on spatialand temporal
discretizationsvhich aresmallcomparedo the wavelengths,
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they are normally restrictedto modelingshortrangepropa-
gationand scattering.

The parabolic equation (PE) algorithmtodayis without
doubt the most popular approach to modeling range-
dependenbceanwaveguidesHowever,in trying to extend
the PE theory to elastic media, two main problemsarise.
First, thefield is describedy a vector (displacementrather
than a scalar.Second,two different wave speedsexistin a
solid andin a heterogeneousediaor at boundariesye have
continuousconversionfrom one wavetype to another.Fur-
thermore elasticbottomssupporta wide spectrumof propa-
gation angles. Therefore, even though several PE models
have been proposed for wave propagation in elastic
media®2 only a few of thesemodelswere implemented.
Notable implementationsinclude those of Wetton and
Brooke'® and Collins }**? Thus, for the mostpart, the para-
bolic theoriesfor elastic waves have not been adequately
testednumerically, particularly in two-way formulations.In
additionto beinglimited to weakrangedependencea major
drawbackof the PEaswell asthediscretemethodss thefact
that the solutions are not as easily interpretedphysically.
Thus,the modalstructureof the field canonly be determined
throughpost-processing®

In this paper,we extendthe work in Ref. 14 to arbitrary
fluid-elasticstratifications.The proposednodelingapproach
can provide full two-way global solution but is currently
implementedusingthe more efficient single-scatteformula-
tion. We presentboth forward and backscattenumericalso-
lutions to a seriesof benchmarkproblems.

l. THE SPECTRAL SUPER-ELEMENT APPROACH
A. Stratified super-elements

In the spectral super-element approachthe environment
is first divided into a seriesof range-independersectors or
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FIG. 1. Super-elementiscretizatiornof range-dependemiceanwaveguides.

super-elements, separatedy vertical boundariesor cuts, as
illustratedin Fig. 1. Within eachsector,the oceanenviron-
mentis horizontallystratifiedandwe will allow for arbitrary
fluid-elasticstratifications.

In deriving the spectral-elemenequationswe will as-
sumethe acoustidield to be plane.Thus,in orderto account
for cylindrical spreadingin axisymmetric scenarios,the
spreadingfactor is applied explicitly to the resulting field.
The validity of this approachs describedn the appendixof
Ref. 14,

The equationsof motion for a homogeneoussotropic
elasticsolid in planestrainare given by*>1®

*u
(7\+2M)VV'U_MV><V><U+pf:pa—2', (1)

where X and u are the Lame constantsp is the density,
u=(u,w) isthedisplacemenvector,andf is the body force
per unit massof material. We write the displacemenvector
in termsof two scalarpotentialfields, ¢ and ¢, i.e.,

u=Ve¢+Vx(0,,0), 2

where the first and secondterm representghe dilatational
androtationalpart of the solutionrespectively Thesepoten-
tials are solutionsof the scalarwave equations
1 9°¢ 1 9%y

v vy =757

c; ot el ot

Vip= ? (3)
where ¢, and ¢g are the compressionaland shear wave
speedgespectivelyandare given by

2 M

N+2u
= , c _—
Pp S op
Assuming an expfot) harmonic time dependence(sup-

pressechenceforth, the potentialsthen also satisfy the fol-
lowing Helmholtz equations:

(V2+h?)¢=0, (V?+«?)y=0,

whereh = w/e, andx = w/ecg denotethe wavenumbersor
the compressionahnd shearwaves,respectively.

Thefield in eachsectoris now expresseds a superpo-
sition of the field producedin the stratified elementin the
absencef the vertical boundariesu*, the field arisingfrom
the left boundaryu™, and the field arising from the right
boundaryu™,

c2
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u(x,z)=u*(x,z)+u" (x,2)+u(x,2), (4)

whereu is takento denotecontributionsfrom the potential
¢ andin the caseof an elastic stratification,also includes
contributionsfrom .

Thewavefieldsaredeterminedusinganindirect bound-
ary integral method'* basedon Green’s theoremfor the
semi-infinite virtual element obtained by eliminating the
other vertical boundaryand letting the elementcontinueto
infinity,

()= fst[Gji(ﬂfi)tj(l‘;ﬂi)

—Hji(r;r=;n)u;(r)1ds™. 5)

Here u;(r) andtj-(r;ni) arethe r; componentsof the dis-
placementandtractionson the boundaryof the semi-infinite
elementsS™. Gj(r,r*) andHj;(r,r=;n") arethe jth com-
ponentf thedisplacemenandtractionof the Green’sfunc-
tions at the point r on the surfaceS$™ with outgoingnormal
n=, dueto a unit force appliedin the ith directionat a point
r=.

Note here, that the super-elementslways have finite
depth.Thus,in the presencef a lower half-spacethe lower
boundaryof the super-elements chosendeepenoughinto
the half-spaceto ensurethat the field satisfiesthe radiation
condition along the horizontalboundary,in which casethe
associatedurfaceintegral contributionvanishes.

To solvethe integral equationin Eq. (5), we introduce
both symmetric and antisymmetric panel sourcesat the
boundary.A displacemenftormulationin combinationwith
the Galerkin approachis then usedto reducethe integral
equationinto a systemof linear equationsthe unknownsof
which are the sourcestrengthsfor the panel sources.Once
theseunknown sourcestrengthsare determined the wave-
field in eachsectorcan be determinedefficiently using fast
field program(FFP techniquesAs in the direct global ma-
trix (DGM) method,we expresghe field in eachlayerasa
superpositionof the field producedby the panel source
within the layerin the absenceof boundariesreferredto as
the direct panel contribution @, and an unknown field u
which is necessaryo satisfy the boundaryconditionsat the
layer interfaces

u=u-+u. (6)

The latter field must satisfy the homogeneougquationsof
motion and is referredto as the homogeneous solution. In
other words, they are the source-freewavesthat must be
addedto the direct panelcontributionsto satisfy the bound-
ary conditions.The homogeneousield is governedby Eq.
(1) with the body force termf equalto zero.

B. Field expansion

The boundary conditions to be satisfied betweenthe
super-elementgpgetherwith Eq. (5), now providesan inte-
gral equationfor the field u™ on the vertical boundariesof
the super-elementthe numericalsolution of which requires
somekind of discretization.For fluid super-elementsthe
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boundaryconditionsare the continuity of pressureand par-
ticle displacementi.e. at the vertical boundaryj separating
super-elementg andj+1,

u(X; ,z)]f_ [ u(xj,z)]iﬂ
[P(Xj 2] px.2)) (7

and for elastic super-elementghe boundaryconditionsare
the continuity of stressesnddisplacements,e.,

u(x;,z) i u(x;,2) j+1
wx;z) || w(X;,2)
Txx(X,2) B oxx(Xj,2) ' (8)
Ox(Xj,2) Ox(Xj,2)

A superscripis usedto identify the super-elementereand
in the following. Since the field within eachlayer in the
stratificationis a smoothfunction of depth,we herechoosea
Galerkin boundary element approacH. In the Galerkin ap-
proach,the continuity of the field acrossthe vertical bound-
ariesis expressedn the weak form

Jot/uj(xj,z)[uf”(xj,z)—uf(xj,z)]dz=0, 9)

andsimilarly for the stressesThe displacementandstresses
are now expressedis expansiondgn termsof a setof basis
functions.By choosingan orthogonalsetof expansiorfunc-
tions Eq. (9) requiresthe expansioncoefficientsin the two
neighboringsectorsto be identical. Here we choosean or-
thonormalset of Legendrepolynomials,normalizedwithin
eachlayer/”:

u(x.z) 1 U m(x)) ]

wixz) |27 | Womx) _
oxx(X%,2)/ = T, m(X) Pn-1(2), (10
oxo(X,2)/ S, m(X)

wherem is the orderof expansionpP,, is the Legendrefunc-
tion, andt, is the thicknessof layer /. The argumento the
Legendrepolynomialis the normalized,local depthcoordi-
nate

1,12
12

11

The expansion coefficients U /,(x) through $,,(x) are
functions of U ,,(0) and W,,(0), the unknown panel
sourcestrengthsof the symmetricandantisymmetricsource,
respectivelyln effect,theyarelike the Green’sfunctionsfor
the panelsources As outlined earlier, we decomposehese
Green’sfunctionsinto two componentsone corresponding
to the direct field due to the panelsourcein the layer, the
other correspondingo the reflectionsfrom the layer inter-
faces.We canthenwrite the expansioncoefficientU ,,(x)
as

U /m(X) = U m(X)+ U m(X),

where l]/m(x) and U_/m(x) denotethe direct and homoge-
neouscontributions respectively.The other coefficientscan
alsobe written in a similar manner.Theseexpansiorcoeffi-

12
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cients are usedin the Galerkin schemewhen solving the
boundaryintegral equation.We first derive vertical wave-
number representation@nd subsequentlythese are trans-
formedinto horizontalwave-numberepresentationsuitable
for the DGM method.Theselatter forms are also useful for
efficient computationof the resultantfield.

C. Direct panel source contribution

We startby definingthe potentialsfor the panelsources.
The compressionaand sheardisplacemenpotentialswhich
satisfy the Helmholtz equationand the radiation condition
can be written in termsof a vertical wave-numberspectral
representatioas

¢/(X,Z)=j7 A (n)e Ve 1z 1 12g
(13
‘/’/(X,Z) = J7 B/( n)e_X(Se_i”(z_t/lz)dn’

where 7, iy=i\V7°—h? andis=i\/7?— «? arethe vertical
and horizontal wave numbers,respectively.The quantities
A, (n) andB ,( 7) arethe sourcespectrumsgo be determined
from boundaryconditionsat the vertical interface.

1. The symmetric problem

The symmetricproblemis characterizedy two condi-
tions at the discontinuity (x=0),

u  ow
ap Y
U(OZ)—K—O,,—Z
Zﬂi U, n(0)P, (7)., O<z<t
— =z<
_! 1,2 Yn(0Pua(2), 2=t g

0, otherwise.

Substitutionof Eq. (13) into Eq. (15) yields a relationship
betweenU ,(0) and A,(7) and subsequenthEq. (15) be-
comes

2
* YK . .
AL (n)ei e iy,

u(0z2)= fﬂ;T

20
= —21 U /m(0)Pp_1(2),

t, m= (16)

wherep=27%— k2. We definethe Fouriertransformpair as
fo= [ a(me e,

(17)
— 1 * inz

and taking the forward transformwith respectto z of Eq.
(16), we obtain
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FIG. 2. Modified NORDA 3A testcase(Ex. A). (a) Testconfiguration,(b)
receiverat 50 m, (c) receiverat 110 m. Solid : SAFARI, dashed:spectral
super-element.

1< t .

—K A (e = =3 U w(0) f "Pu (e "z
tym=1 0

(18

Making useof the relation®

t, _ . t
J Pm_l<z>e'"Zdz=t/e'”<*/’2>im1Jm—1(/7n)’ 19
0

wherej,, 1 is the sphericalBesselfunction, we obtain for
the symmetricpart of the sourcespectrumA (),

1412 J. Acoust. Soc. Am., Vol. 100, No. 3, September 1996

2000m
0om ‘ p=0

:

1

! Vertical interface
25 Hz source |

b

1

1

1

1

@ at25m
RD mmasrmEmesmSEEAEEEEEmE R Pem-ssssmmsmsssrEamm---aaann -
35m |
LEFT RIGHT
SECTOR . SECTOR
|
100 m : p=0

FIG. 3. Ex. B : Configurationfor the single layer benchmarks.

¢ < . [t
A (=33 U (0 Hm_l(T). (20
K™ Ym=1
Substitutionof the aboveinto Eq. (14) yields
- t,n
B(/l)(ﬂ)— 2: U, m(0)i™ L 1( > ) (21

2. The antisymmetric problem

Theantisymmetrigoroblemis similarly characterizedby
two conditionsat the discontinuity,

02)/ u= Nt+2u) du Aﬁw_o -
oxx(02)/ p= Ix ;0_2_ , (22)
ip Y
w(072)= 3Z+&
T L
=3 Wm(0)Pp 1(z), O<z<t,,

=4 lym=1 (23
0, otherwise.

After somealgebrawe obtainthe antisymmetricpart of the
sourcespectrumas

s t,n

A2 ()= 27 E: Wm( O™ | 50| (24)
¢ < =1 t,n

B (m)= 252 Wrml(0)i” hm_l(—z ) (25

3. Series representations for the direct panel field

The unknown panel source strengths U ,,(0) and
W ,,(0) are now determinedhroughmatchingthe relevant
boundaryconditionsat the vertical cut. We do this by the
Galerkinboundaryelementapproachwhich simply requires
thatthe expansiorcoefficientsin thetwo neighboringsectors
beidentical. Theseexpansiorcoefficientscanbe straightfor-
wardly extractedrom the potentialrepresentationaboveby
using the orthogonalityrelation for the Legendrepolynomi-
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TABLE |. Parametersor the seriesof two-sectorcanonicaltest problems.

Wave speedsare given in m/s, densitiesin g/cn?, and attenuationin dB/ 10 <8
r T
RD: 350 m
Benchmark o
=
Parameters Bl B2 B3 B4 "
Ut
p 1.0 15 15 15 3
Left Cp 1500 1700 1700 1700 ﬂ
sector Cs 0 700 700 700 ?
ap 0.2 0.2 0.2 0.2 5
g 0 0.5 0.5 0.5 =
p 15 1.0 15 1.5
Right Cp 1700 1500 1800 3000
sector Cs 700 0 900 1700
ap 0.2 0.2 0.2 0.2
g 0.5 0 0.5 0.5

als. In practice we needto truncatethe infinite seriesexpan-
sionsat a sufficiently high order. Sincethe Legendrepoly-

nomialsrepresenthe vertical variationin the field, onecan
obtainthe truncationlimit from an estimateof the numberof

normal modes.

Let us considerthe coeﬁicientl]/k(x),

Normal stress (d(3)

Q.0 .5 1.0 1.5 20 25 3.0 3.5 4.0

(26) Range {km)

P S _
u,(x,z)= t—:;l U x(X)Py_1(2).

FIG. 5. Solutionsto the singlelayerbenchmarks(a) caseB3, (b) B4, solid:
BEM, dashed VISA, dotted:spectralsuper-element.

?PJ, We first multiply both sidesof Eq. (26) by P,,_1(z). Inte-
0 grating over the layer thicknessand using the orthogonality
2 propertiesof Legendrepolynomials,
'8}
=
3
5
=
t
a0 ‘ ‘ t, — _ L m=k,
0 i 2 3 4 Pp 1(2)Py_1(z)dz={ 2m—1, (27)
Range (km) 0 0 m+%k
10 - : Freq: 250 Fz
S 250 m
. e SO togetherwith the identity,
s
ur
o
f t, . )
g f Pm—l(z)e_l nzdz:t/e—l n(t/IZ)i-m—l( _ 1)m—1
< 0
B t
. i
: XIm-1\ =5~ |» (28)
aol ‘ ‘ . 2

Range (km}

andthe expressiongor the sourcespectrumslerivedprevi-
ously, we obtain

FIG. 4. Solutionsto the singlelayer benchmarks(a) caseB1, (b) caseB2,
solid: BEM, dashed VISA, dotted:spectralsuper-element.
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FIG. 6. Ex. C: Schematioof the elasticcylindrical seamount.

* ¢
dni| ——e”
. 77” 2

LAJ/I17|(X):CmE im+k72f
k=1

2 n? 2i
+ K—Z€7X§ U/k(0)+ — szef"y
ing . t,n
perild *31W,(0) Jml(T
. t,n
XJk-1 T) (29

whereC,,=(2m—1) it /(2 7) and{,=(—1)™"1. Expan-
sion coefficientsfor the other field parametersan be ob-
tainedin a similar fashion.When evaluatingtheseintegrals,
we can exploit their symmetriesin (m,k) to reducethe
amountof computation.In addition, for x=0, someof the
integrals can be evaluatedin closedform. In Sec. I, we
discusssomeof the numericalissuesinvolved in evaluating
theseintegrals.

4. Horizontal wave-number representations for the
direct panel field

Thedisplacemenpotentialsin the verticalwave-number
domainare

—F i+ 26
b,(X,2)= P (1) -z (1)

Xefxye*in(zft//Z)dn,

= [ 2in (30

l/f/(X,Z)Zf% —7F(77)
+ @ O(7) efxéefin(zft,/z)d77
K28 ’

where
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FIG. 7. Elasticcylindrical seamountEx. C). Receiverat 80 m. (a) Forward
scatteredbulk stress,(b) forward scatteredshear stress. solid—VISA,;
dashed—spectraluper-element.

- 1 t,n
T(m) =2 U/m(0)i™ Yjp 1| |,
m=1 2
. , (3D
em—1 Y/
O(n)= 2 W, n(0)i™ i 4| 5.
m=1 2

The DGM methodfor the multi-layeredsectorrequiresthe
integral representation$or the free-spaceGreen’sfunction
to be expressedn termsof the horizontalwave number,s.
Using contourintegrationas devisedby Heelan!® the verti-
cal wave-numberintegralsof Egs. (30) are convertedinto
horizontal wave-numberintegrals. After some algebra,the
potentialsin the s domainbecome

_j“ 0 [(—i5 2i.¢ a@
¢, (X,2)= iy (—L a)+—Kz—

ty s
X(—iva) |71 217 —e7 s,
_J“ 25./,8F o w o (32)
px2)=| == T(=L/B)= o
s
X(=i.B) e 1z 7B @ ixsgg,
B
where
=sign(z—t,12), fa=h?— 82,
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FIG. 8. Elastic cylindrical sesamoun{Ex. C). Receiverat 80 m. (a) Back
scatteredulk stress(b) backscattereghearstressSolid—VISA; dashed—
spectralsuper-element.

iB= VK2—82,  9=20a%+ K2,
andl” and® aregivenby Eq. (31). The potentialsgiven by
Eqg. (32) arevalid only for z<0 andz=t,, but still allows
for the applicationof the global matrix methodwhen satis-
fying the horizontalinterfaceboundaryconditionssinceit is
at the interfacesz=0 andz=t, of eachlayerthatthe fields
are being matched.However, it is desirableto havea hori-
zontal wave-numberintegral representationthat is valid
within the layer so that efficient FFP techniquesanbe em-
ployed for the resulting field computation.In Ref. 20 we
derivea discretizedequivalentpoint sourcehorizontalwave-
numberrepresentatiorfor thesepotentialsthat is valid for
0o=z<t,.

We now simply useEq. (32) asthe sourcecontribution
in the SAFARI codé to determinethe associatechomoge-
neoussolution,the expansion®f which aredescribedn the
nextsection.

w=282— K2,

D. Homogeneous solution

The horizontalwave-numbeiintegral representatiorior
the homogeneousolutioncanbe obtainedby a directexten-
sion of the equationgpresentedn SchmidtandJensert! The
completehomogeneousolutionis given by the sumoverall
finite layersaswell asoverall ordersof expansionUsingthe
orthogonality relation of Legendrepolynomials,expansion
coefficientscan be extractedas
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N_
o

x

V, m(X)=(2m—1)i™ 2 K E,J,

1
—on=2

X [Unk(0)A / e+ Wi(0)C, i Je ™ ds,

(339
where

Vo) =[Um Wm T/m Sml’,

—is —is iB —iB
— —a o S S
K=l _s —o o2sp —2s8|

2isa —2isa —iw —iw
— t, ty t, t,

E, =diage z%e 2%e 2P e 27],
- +
B/,nk B/,nk]Ty

D;,nk D;,nk]T,

A/,nk: [A;,nk A;,nk

C_/,nk: [C;,nk C},nk

— . it a . it «a
J/m:dlaﬂ{Jml(T)’ngml o
. it . it,B8

Jm-1| = [ Smlm-1| | |-

Eachcombinationof indicesn andk represents single SA-

EARI run. Here A7, and B}, are respectivelythe up/

downgoingcompressionaindsheamwavesin layer/” dueto

thekth ordersymmetric sourcein layern. Thecorresponding
quantities from the antisymmetric source are C; ,, and

D .. However,the DGM can treat multiple right-hand
sidessimultaneoushandhenceall the amplitudesof the up/

down going waves can be found with just a single global

matrix inversion. This makesthe algorithm very efficient
evenfor problemswith a large numberof layersand high

ordersof expansion.

E. Element connectivity

Insertingthe field expansionsn Eg. (10) into the weak
form of the boundaryconditionsin Eq. (9) leadsto the eon-
nectivity equationsbetweensuper-elementg andj+ 1. The
numberof equationsfor eachlayer dependson the number
of expansionterms used as well as the type of mediain
super-elementpandj+ 1. In generalthe connectivityequa-
tionsare

U /m(X;) U m(x)) 71
Wom(Xp) || Wom(X;)
T,/ m(X;) - T,/ m(X;) '
S, m(Xj) S/ m(Xj)

/=1,...N, m=1.. M. (39

Here N is the numberof layersand M is the number of
expansionterms usedwithin eachlayer. By systematically
matchingboundaryconditionsalongthe vertical cut, we ob-
tain a linear systemof equationsfor the unknown panel
source strengths for super-elementg and j+1. Oncethe
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unknownsourcestrengthsare determinedthe resultingfield

canthenbe determinecefficiently with DGM usingthe hori-

zontal wave-numberspectralrepresentationsThe readeris

referredto Schmidtet al.* for a discussioronimplementing
an efficient marchingalgorithm from the systemof connec-
tivity equations.

Il. NUMERICAL IMPLEMENTATION

The numerical implementationof the spectral super-
elementmethodrequirescareful treatmentof the infinite in-
tegralsassociatedavith the expansiorcoefficientsof the field
parametersit is clearfrom Eq. (29) thatat largewave num-
bers,theintegrandis highly oscillatorywith anirregularfre-
quency determinedby the relative orders of the spherical
Besselfunctions. In addition, at large wave numbers,we
requirepropercancellationof the contributionsarising from
the symmetricandantisymmetricsourcesn orderto arrive at
a finite value for the expansioncoefficient. The matteris
further aggravatedy the slow decayof the integrands.

To evaluatetheseintegrals,we useadaptiveintegration
routines from the QUADPACK?? library. In addition, we
have implementeda brute force methodin which partial
sumsof the integrandare first obtainedby integratingin
betweenthe zerosof the oscillatingintegrand.An accelera-
tion techniqueis then usedto speedup the convergencef
the partial sums.Finally, we also employ a modification of
the standard Gauss-Chebyshevquadraturedeveloped by
Perez-Jordat al.2® and Perez-Jordand San-Fabia? Their
formulation is particularly suited for automaticquadrature.
The readeris referredto Ref. 20 for more detailsaboutthe
variousquadratureschemes.

lll. NUMERICAL EXAMPLES

In the following we illustrate how the presentapproach
providesaccuratesolutionsto canonicalpropagatiorandre-
verberationbenchmarkproblems We compareour solutions
with results obtainedfrom the boundaryelementcode by
Gerstoftand Schmidt?® the virtual sourcealgorithm (VISA)
by Schmidt® andthefinite elementparabolicequationmodel
(FEPES of Collins!? Unless otherwise noted, the super-
elementsolutionsare obtainedusing only four ordersof ex-
pansionin thefield parametersvithin eachlayer.In addition,
in eachof the examples,we take the water column to be
losslesswith a soundspeedof 1500 m/s and a density of
1glent.

A. Modified NORDA benchmark

ExampleA is basedon case3A usedin the NORDA
Parabolic Equation Workshop?’ This problem was first
modified for useasa testcasefor elasticPE by Wettonand
Brooke® and we run a slightly different version here. The
waveguide,llustratedin Fig. 2(a), consistsof a waterlayer
with athicknessof 100m, overa solid layerwith athickness
of 100 m, a densityof 1.2 g/cn?, a compressionaspeedof
1590 m/s, and a shearspeedof 500 m/s. The solid hasa
compressionahttenuationof 0.2 dB/A and a shearattenua-
tion of 0.5dB/\. A 25-Hzline sourceis placedat a distance
of 5 km from an artificial transpareninterface.The primary
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test hereis to seehow well energyis coupledthrough a
transparenterticalinterfaceandrepresentshe extremecase
of a low-contrastvertical step. ComparisonsbetweenSA-
FARI andour solutionsfor receiverdepthsof 50 and110m
areshownin Fig. 2(b) and(c). For clarity we haveshownthe
solutionfrom 2 to 8 km and we seethat the super-element
solution agreeswell with SAFARI. For rangeslessthan 5
km, the super-elemenformulation reducesto SAFARI ex-
actly and we see perfect agreementin the solutions. For
rangesbeyondthe artificial interface,the agreements still
quite good for both receivers,indicating proper coupling
acrossthe interface.

B. Single layer benchmarks

Thenextbenchmarlconsistsof a setof two-sectomprob-
lemsshownin Fig. 3. The waveguideis boundedat the top
and bottom by a pressurereleaseboundary.A 25-Hz line
sourceis placedat a depthof 25 m andat a distanceof 2 km
from the vertical discontinuity.By boundingthe waveguide
by pressurereleaseboundariesthis benchmarkrequiresthe
propagatiorcodeto properlyconserveenergybeforeonecan
arrive at the correctanswer.In addition, by varying the ma-
terial propertieson both sidesof the discontinuity,we can
assesghe sensitivity of a particularcodeto contrastin the
primary directionof propagationTablel showsthe four dif-
ferentconfigurationghat we havechosen.

The BEM codé® is expectedo producegoodresultsfor
this setof benchmarksndis thereforetakenasthereference
solution. Solutionsfor the normal stresso,, at a receiver
depthof 35 m areshownin Figs.4 and5 andwe generally
havegoodagreemenamongthe threesolutions.

C. Elastic cylindrical seamount

Example C, shownin Fig. 6, consideran elastic sea-
mountin a cylindrically symmetricoceanenvironment.The
fluid version of this problemfirst appearedn Gilbert and
Evans?® A 25-Hz sourceis locatedin the middle of the
waveguide.The depth of the water column at the source
rangeis 200 m. A 135-m-highseamounhasinner radius5
km and outer radius10 km. The bottomis a homogeneous
half-spacewith a compressionakoundspeedof 1700 m/s
anda shearspeedof 700 m/s. The densityis 1.5 g/cn® and
the compressionahnd shearattenuatiorin the bottomis 0.2
and 0.5 dB/\ respectively.We solved this problem using
only threerangesectorsandeightlayersdownto a depthof
400m. We showboth forward andbackscatteredilatational
and shearstressat a receiverdepth of 80 m. Comparisons
betweenthe virtual sourcealgorithm and the super-element
methodare shownin Figs. 7 and 8. In forward scatter,we
haveexcellentagreemenbetweenthe two solutions.

Thereis also good agreementn the backscatteisolu-
tions. Theincreasen backscatteenergyat the sourcerange
in Fig. 8(a) is due to the fact that for a point sourcein a
cylindrically symmetricwaveguidethe backscattereénergy
focusesat the sourcerange.The high-frequencyoscillations
seenin the backscatteNISA solution are due to numerical
noisecreepinginto the extremely low field valuescomputed.
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FIG. 9. Ex. D : Embeddedstepdiscontinuity.

D. Embedded step discontinuity

ExampleD, takenfrom Collins'! and shownin Fig. 9
involves two solid layers and a step discontinuityin layer
thicknessA 25-Hz sourceis placedat a depthof 50 m in the
upperlayer, which is 500 m thick for rangedessthan7 km
and 250 m for rangesbeyond7 km. The compressionahnd
shearspeedsn the upperlayeris 1500and 700 m/s, respec-
tively andthe mediumis assumedo be losslessThe lower
layer is a half-spacewith compressionabnd shearspeeds
equalto 1600 nd 750 m/s, respectively.The attenuationsn
the lower mediumis 0.5 dB/\ for both wave types. The
densityin the upperandlower mediumis 1 and 1.2 g/cn?,
respectivelyThis particularproblemhasa very low contrast
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FIG. 10. Embeddedctlasticstep(Ex. D). Total normalstress(a) Receiverat
100 m. (b) Receiverat 300 m. Solid—BEM; dashed—VISA;dotted—
spectralsuper-element.
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FIG. 11. Embeddectlasticstep(Ex. D). Back scatterechormal stresssolu-
tion. (@) Receiverat 100 m. (b) Receiverat 300 m. Solid—BEM; dashed—
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acrossthe vertical interface and we presentforward and
backscattesolutionsat two receiverdepths.In the forward
direction (Fig. 10), we have good agreementbetweenthe
threesolutions.

In the backscattefFig. 11), thereis somedisagreement,
particularly nearthe scatteringsurface.We believedthis is
dueto inaccuraciesassociatedvith the large dynamicrange
betweenthe forward and backscatteredield.

E. Elastic ASA wedge

ExampleE, shownin Fig. 12 is test case3 from the
ParabolicEquationWorkshopll.?® This is an elasticversion
of the standardASA wedgebenchmarkproblem.A 25-Hz
point sourceis placedat 100-m depth.The oceandepthde-

4000 m
{ 100 c =1500m/s
m p= 1 g/ec
200 m

cp = 1700m/s
cs = 800 m/s

‘L CW 25 Hz

p=15gkc
o =[=05dB/A

FIG. 12. Ex. E : Environmentfor ASA elasticwedge.
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FIG. 13. ASA elasticwedge(Ex. E). (a) Receiverat 30 m, (b) Receiverat
150 m; solid—FEPE dashed—spectrauper-element.

creasedinearly with rangefrom 200 m at the sourcerangeto
zero at =4 km. The oceanbottom has a compressional
soundspeedof 1700m/s anda shearspeedof 800 m/s. The
densityis 1.5 g/cn? with the compressionaindshearattenu-
ationsat 0.5 dB/\. The environmentis discretizedinto 17
layers, eachof abouta wavelengthin depth,and 56 range
sectors.In Fig. 13 we presentsolutionsfrom the parabolic
equationrmodelandthe super-elemenmethod.Thereis good
agreementor the shallowreceiverandfor thereceiverin the
bottom, the agreements still quite goodandthe differences
are primarily dueto the particularmannerin which the en-
vironmentis beingdiscretized.

F. Step periodic roughness patch

Example F considersa step periodic roughnesspatch
shownin Fig. 14. A similar fluid examplewasfirst treatedby
Evansand Gilbert3 The patchextendsfrom 5-10 km and
the depthvariationsconsistsof stepswhich are 10 m high,
100 m long and 200 m apart. Hencethere are 5 stepsper
kilometer.The source at a frequencyof 50 Hz, is at a depth
of 18 m, and Fig. 15 showsthe bulk stressfor receiver
depthsof 50 and 150 m. The spectralelementsolution is
computedusingeight ordersof expansionThe transmission
lossis comparedto the referencesolution for a flat-bottom
waveguide(SAFARI). For the bottom receiver,we seean
increasein the field below the roughnesgatchandthis is a
result of energybeing dumpedfrom the water columninto
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FIG. 14. Ex. F : Schematioof the periodic roughnesgpatch.

the bottom. This behavioris mostclearly seenin the contour
plots of Fig. 16. This testproblemprovidesa good example
of energylossdueto bottomroughness.

IV. CONCLUSION

We have extendedan earlier publishedsuper-element
approachfor wave propagationin multi-layered range-
dependentiuid environmentdo handlearbitraryfluid-elastic
stratifications.The approachis capableof computingboth
the forward scatteredand the reverberanffield, particularly
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FIG. 15. Step periodic roughnessatch (Ex. F). Forward dilatation : (a)

Receiverat 50 m. (b) Receiverat 150 m. Solid—SAFARI; dashed—spectral
super-element.
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suitablefor treating reverberationfrom large scaleoceanic
featuresand canonicalbenchmarkproblems.The numerical
efficiency of the approachis obtainedby using SAFARI to
computeall influencefunctionsfor eachsuper-elementvith
one global matrix inversion. Wave-numberintegration is
also usedfor evaluatingthe field within eachsuper-element
once the boundarypanel sourcestrengthsare found. Even
thoughthe extensionis straightforwardconceptuallyjts nu-
merical implementationis nontrivial. In particular, the ex-
pansioncoefficientsare representedby infinite integralsthat
are slowly convergentas well as exhibiting rapid irregular
oscillationsat infinity. However, extensivenumericalcom-
putationshave demonstratedhe performanceof the present
implementationparticularlyin the forward scatterdirection.
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