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Doppler analysis has been extensively used in active radar and sonar sensing to estimate the speed
and direction of a single target within an imaging system resolution cell following deterministic
theory. For target swarms, such as fish and plankton in the ocean, and raindrops, birds and bats in
the atmosphere, multiple randomly moving targets typically occupy a single resolution cell, making
single-target theory inadequate. Here, a method is developed for simultaneously estimating the
instantaneous mean velocity and position of a group of randomly moving targets within a resolution
cell, as well as the respective standard deviations across the group by Doppler analysis in free-space
and in a stratified ocean waveguide. While the variance of the field scattered from the swarm is
shown to typically dominate over the mean in the range-velocity ambiguity function, cross-spectral
coherence remains and maintains high Doppler velocity and position resolution even for coherent
signal processing algorithms such as the matched filter. For pseudo-random signals, the mean and
variance of the swarms’ velocity and position can be expressed in terms of the first two moments of
the measured range-velocity ambiguity function. This is shown analytically for free-space and with

Monte-Carlo simulations for an ocean waveguide.
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. INTRODUCTION

Doppler analysis has been extensively used in active ra-
dar and sonar sensing to estimate the speed and direction of a
single target within an imaging system resolution cell based
on coherent mean field theory.'” For target swarms, such as
fish, plankton, and Autonomous Underwater Vehicles (AUVs)
in the ocean, and raindrops, birds, and bats in the atmosphere,
multiple randomly moving targets typically occupy a single
resolution cell, making single-target theory inadequate. The
heuristic assumption, typically made for target swarms in both
radar and sonar, is that the mean velocity of the group can be
approximated by taking the first moment of the range-Doppler
ambiguity function along the velocity axis.>~ Here, we prove
that this approach leads to accurate estimates of mean group
velocity by applying scattering theory to a group of randomly
moving targets within a resolution cell. We also show that
while the variance of the field scattered from the swarm typi-
cally dominates over the mean in the range-velocity ambiguity
function for swarm extents greatly exceeding the wavelength,
cross-spectral coherence remains and maintains high Doppler
velocity and position resolution even for coherent signal proc-
essing algorithms such as the matched filter which were origi-
nally developed for mean field analysis. Estimators are
derived for the mean instantaneous velocity and position of
the random target group within a resolution cell, as well as the
respective standard deviations for long-range acoustic remote
sensing system in both free-space and in a stratified ocean
waveguide. Domination of the variance in the scattered field
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intensity has previously been shown to occur for the special
case of large aggregations of immobile targets where no
Doppler shifts occur.®

The application of Doppler sonar to determine the ve-
locity of moving target swarms in the ocean, such as fish and
plankton, has been limited to relatively short range (tens to
hundreds of meters) and effectively free-space scenarios’ >
because the low Mach numbers of the swarms make higher
frequency signals (tens to hundreds of kilohertzs) more con-
venient for resolving Doppler shifts. Higher frequency sig-
nals, however, suffer increased attenuation and so are
limited to shorter ranges. Here, we investigate the possibility
of determining Doppler velocity at much greater ranges by
using low frequency pseudo-random signals that suffer low
attenuation and have high range and Doppler resolution in
both free-space and in an ocean waveguide. As range
increases in ocean sensing applications beyond the water
depth, waveguide propagation ensues. The problem of scat-
tering from a single object moving in a waveguide is far
more complicated than that of one moving in free-space. It is
known, for example, that for a waveguide supporting N
modes, N? Doppler shifts as opposed to the single shift will
occur in free-space for the same motion.'* We show here
that by applying a statistical formulation to the even more
complicated problem of sensing multiple randomly moving
targets in an ocean waveguide within a single imaging sys-
tem resolution cell, the analysis can be greatly simplified.

For appropriate signal design, such as pseudo-random
signals, we find that the mean and variance of the swarm’s ve-
locity and position can be expressed in terms of the first two
moments of the measured range-velocity ambiguity function.
This is derived analytically for free-space and demonstrated
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with Monte-Carlo simulations for an ocean waveguide. We
refer to simultaneous estimation of the group’s velocity and
position from ambiguity surface moments as the Moment
Method. Simultaneous estimates of the mean velocity and
position are also obtained by finding the velocity and position
that corresponds to the peak of the ambiguity function’s
expected square magnitude, which we refer to as the Peak
Method. We show that estimates of the mean velocity
obtained via the Moment Method are at least as accurate as
estimates based on the Peak Method. For active sensing of a
single deterministic target in a waveguide where N* Doppler
shifts occur, it has been shown that a relatively accurate esti-
mate of the target velocity can be obtained from the Doppler-
shifted spectrum of its scattered field.'*'> Here, we show that,
for a group of random targets within a resolution cell, accurate
simultaneous estimates can be obtained for the instantaneous
velocity and position means of the group, as well as their
standard deviations through the Moment Method.

In Sec. II and the Appendixes, we derive analytic
expressions for the statistical moments of the field scattered
from a single moving target in free-space or a stratified
range-independent waveguide, given random target velocity
and position and arbitrary source spectrum. We then derive
the expected value and expected square magnitude of the
range-velocity ambiguity function for the total field scattered
from a group of random targets. We show in Sec. II that the
first and second moments of the ambiguity function’s
expected square magnitude along constant range and veloc-
ity axes in free-space are linear functions of the group’s ve-
locity and position means and standard deviations for a
pseudo-random signal described in Appendix A known as
the Costas sequence. In Sec. III, we demonstrate both the
Peak and Moment Methods via illustrative examples in free-
space and an ocean waveguide based on field measurements
of fish schools from ocean acoustic waveguide remote sens-
ing (OAWRS) experiments.'®

Il. DETERMINING TARGET VELOCITY STATISTICS
FROM DOPPLER SHIFT AND SPREAD

We assume a group of N targets are randomly distrib-
uted in volume V centered at the origin 0, which is in the
far-field of a stationary monostatic source/receiver system at
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range 7, as shown in Fig. 1. We consider a remote sensing
sonar platform that consists of a point source collocated with
a horizontal receiving array, such as that shown in Fig. 2.
We define ug as the random initial position of the gth target
and v, as the random speed of the gth target toward the
source/receiver system. We assume that the target positions
and velocities are independent and identically distributed
(i.i.d.) random variables with probability densities Pu(ug)
and P, (v,), which are inherent properties of the target group.
We define the means and standard deviations for ug, v, to be
Wy, 0y and u,, o,, respectively. We also assume that the tar-
gets move at low Mach numbers, which is typical for biolog-
ical scatterers, e.g., fish at velocities of order 1 m/s (Refs.
17-19) and that population densities are not large enough for
multiple scattering to be important.® As detailed in Appendix
B, v, is defined to be the velocity component parallel to r,
which is assumed to be constant during the time necessary
for the sound signal to travel through the resolution footprint
of the remote sensing system. For simplicity, we assume that
all targets have the same scatter function, and for the fre-
quencies considered, they scatter omnidirectionally. We
assume that target velocities follow Gaussian probability
densities and set the velocity means to correspond to typical
fish group swimming speeds, in illustrative examples. A tar-
get group is then defined to be migrating by setting the ve-
locity standard deviation to be approximately 10% of the
mean velocity. Similarly, a group is defined to be randomly
swarming if the velocity standard deviation is much larger
than the velocity mean. Targets are assumed to be uniformly
distributed within 100 m about a nominal range of 15 km
from the remote sensing system. For waveguide examples,
we consider the waveguide of Fig. 2, which is representative
of continental-shelf environments, and assume that targets
are uniformly distributed in depth between 70 and 90 m. For
free-space examples, we use the same distributions. Finally,
areal number densities are chosen so that acoustic returns
from the target groups will stand above the background
reverberation,?® based on the past OAWRS field data from
the New Jersey continental shelf and the Gulf of Maine.'®!
For herring, we then assume an areal number density of 2
fish/m?, whereas for tuna, we consider imaging a single
school consisting of roughly 100 individuals.?

FIG. 1. Sketch of the resolution
footprint volume enclosing a target
with initial offset u2 from the coordi-
nate system origin and velocity v,.
The variables L,, L,, and L. denote
the dimensions of the footprint vol-
ume in x, y, and z coordinates,
respectively. The position mean and
standard deviation are ,, ¢,, while
the velocity mean and standard devi-
ation are [, .

|. Bertsatos and N. C. Makris: Estimating the velocity of target swarms 85

Downloaded 21 Dec 2011 to 18.38.0.166. Redistribution subject to ASA license or copyright; see http://asadl.org/journals/doc/ASALIB-home/info/terms.jsp



TOP VIEW

receiver array resolut,i(‘:)n
point footprint
I e s

SIDE VIEW

15 km

fish shoal

FIG. 2. Sketch of waveguide geometry and
sound speed profile. The locations of the
fish shoal, the source/receiver imaging sys-
tem and the resolution footprint with respect
to the coordinate system (x, y, and z) are
also shown. The coordinate system coin-
cides with that of Fig. 1. The sound speed in
the water column is constant, ¢;= 1500 m/s,
and the sound speed in the sediment half-
space is ¢, = 1700 m/s. The density p; and
attenuation oin the water column are 1000

part of fish shoal

20 Ti/receiver array

point source,
(x =-15km, y =0, z = -60 m)

water column

C1, P1, O

within resolution footprint

kg/m® and 6 x 107 dB/A;, respectively,
where 4, is the wavelength in the water col-
umn. The sediment half-space has density
p2=1900 kg/m3 and attenuation o= 0.8
dB//,, representative of sand, where A, is
the wavelength in the bottom sediment.

100 m

Co, P2, Qg .
sediment half—space

In all examples, we employ the specific signal design
described in Appendix A, which has center frequency of 1.6
kHz, bandwidth of roughly 20 Hz, velocity resolution of
approximately 0.17 m/s, and range resolutions of about 43
m, which is smaller than the range dimension of the targets’
spatial distribution. The target distribution scenarios are
summarized in Table I, and the source signal and remote
sensing system parameters are given in Table II.

A. Free-space

The field scattered from the gth target due to a harmonic
source of frequency f and unit amplitude can be written as'*

)= D60, 60k pre

o FLSE 0
% e*lZT[(f‘Ff)l,--uq/(.

Oy, (r, 15 f

)]

TABLE I. Target distribution scenarios.

where f = f(1 + 2v,/c) is the Doppler-shifted frequency of
the scattered field, c is the sound speed in the medium, S(f) is
the target’s planewave scattering function, and G(O|r,f) is the
free-space Green’s function between the source and the ori-
gin evaluated at frequency f. For a broadband source with
dimensionless source function ¢(f) <= Q(f), the scattered
field is given by Fourier synthesis as

W, (1) = jde(f)%q(r, a1, @)

where <= denotes Fourier transform pairs g(f) = j o

x e df, O(H= [ q(t)e™™ dt.
The ambiguity function is defined as

o}

Y, (t,0) = J W, (r,0)g" (1 — 7)e* ™ dt

j W, (n )0 (F — v)e >0 0df (3)

migrating herring

Case A Case B

swarming herring

Case C
migrating tuna

Velocity mean, p,
Velocity standard deviation, o,
Areal number density, or number of targets

Position mean, p, (from the origin 0, see Figs. 1 and 2)

Target range distribution (from the mean position g,

Target depth distribution (for waveguide examples, see Fig. 2)
Target cross-range extent

0.2 m/s 0 m/s 1.5m/s
0.025 m/s 0.5 m/s 0.1 m/s
2 fish/m> 1 school
(100 fish)
0

Uniform, = 50 m
Uniform, 70-90 m
Exceeds remote sensing system’s
cross-range resolution
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TABLE II. Remote sensing system properties.

7-pulse

Costas sequence
Signal Design (see Appendix A)
Center frequency 1.6 kHz
Bandwidth ~20 Hz
Range resolution, Au ~43 m
Cross-range resolution (at 15 km range) ~ 100 m
Velocity resolution, Av ~ 0.17 m/s
Source/receiver range (from the origin 0, 15 km
see Figs. 1 and 2)
Source/receiver depth (for waveguide examples, 20 m

see Fig. 2)

where v is the Doppler shift and 7 is the time-delay defined
such that 1=0 corresponds to the time instant the signal is
transmitted from the source. The ambiguity function has
units of pascal per hertz and can also be interpreted in terms
of target velocity and position by using the transformations
v = cv/(2f,) and u = ct/2, where v, u are the target’s velocity
and position, and f, is the signal’s center frequency. The mean
and second moment of the ambiguity function ¥, (7, v) are
derived analytically in Appendix B1 and are given by

o) =] e

—00

G(r]0.f)Q" (f' — v)e 2"

ijwmfu+2wkrUQwu+awkrU
X Uq(f/i:‘/ca Vq)Pv(Vq)qudf/v “4)

(vateot)=[" [ Wewo.meei-o

XS*(fz)
ks

XJGWHJMI+2w/d‘WQUM1+2w/d‘U

X G (0fr, fr(142v, /) Q" (B(142vy/c) )
Uq((fl *fZ)ir/CaVq)PV(Vq)qudfl df2, (5)

—i2zn(fi—f2)t

G*(r|0,/2)Q(fa—v)e

where f', f1, or f, correspond to received frequencies, and
O(fis the source spectrum. The variable U, is defined ana-
Iytically in Eq. (B4) and is the characteristic function for
probability density Pu(uf,)), so that it can be interpreted as
the Fourier transform of the target’s spatial distribution.
For the whole group of N targets, we find |(¥(z, v))|*
= N?|(¥,,(t, v))|* and (see Appendix B1),

(I ol)

= N(Wyy (5, 0)P ) + NV = 1)
X [(Psq(z,0)) " (©)

The expected square magnitude of the ambiguity function is
then the sum of (i) a second moment term proportional to N
due to scattering from each target, and (ii) a mean-squared
term proportional to N* due to interaction of the fields scat-
tered from different targets.?
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For target groups large compared to the wavelength, the
source spectrum Q and the targets’ spatial spectrum U, tend to
be non-overlapping band-limited functions of frequency whose
products tend to zero in Eq. (4), leading to a negligible mean.
This is not the case in Eq. (5) where the peaks of Q and U,
overlap because evaluation of U, at the frequency difference
enables cross-spectral coherence. The variance then typically
dominates the second moment.® This is shown in Fig. 3 for the
case A target distribution scenario that represents migrating
herring (Table I), given the source signal and remote sensing
system parameters in Table II, where we find that the magni-
tude squared of the expected value of the ambiguity function,
|(Wy(t, v))% is typically about 20 dB smaller than the
expected square magnitude of the ambiguity function, (|'¥(z,
v)|2>. From Eq. (6), this means that for this case we would
require a 100-fold increase in population density for the mag-
nitude squared of the mean ambiguity function to dominate.

1. Estimating target position and velocity statistics

Equations (4) and (5) cannot typically be evaluated ana-
Iytically. A significant simplification is however possible in
the case of specially designed source signals whose spectra
can be approximated as

M—1
0f) = 3 ae™ I sine(x(f — £,)T)
n=0
M—1 ]
~ I L o(f —fu), (7
n=0

where a, is the coefficient of the nth frequency component,
fnforn=1.2,...,M and h,, and T are known constants. Equa-
tion (7) is approximately valid, for example, for spectra that
consist of a series of windowed harmonic waves, such as the
Costas sequence described in Appendix A. For such spectra,
the expected square magnitude of the ambiguity function is
given by

M—1M—1M—1M—1 (f,+0)
(I¥sa(mo)l) = Z;,;)z;;“ nfm ) {2:0” ++vv)/c]
2n(fi+v)/c

x G* (1]0.f, +v)G(O]r, f,,,)G*<O| fitv )

Fore
fi+v fit+v
<o(1 g ) v ([t f+vf]

; ~ionfiyep, (€[t
><1,./(2c),0) xe Pv<2[ 7 1 )
(®)

}xGamﬁ+w

When the dimensions of the swarm are much larger than the
acoustic wavelength, the first two moments of Eq. (8) along
constant Doppler shift v and constant time-delay T axes can
be analytically expressed in terms of the targets’ position
and velocity first and second statistical moments (see Appen-
dix B1). Taking moments along a constant-t axis,
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-50 T T

14.5 14.6 14.7 14.8 14.9 15.1 15.2 15.3 15.4

FIG. 3. Free-space. 10logo |(¥(z,0))|* (black dashed line) and 10log, (

155

Position (km)

) )2 (black solid line) via 100 Monte-Carlo simulations for the field scattered

from a random aggregation of targets following the case A scenario described in Table I. The source signal and remote sensing system parameters are given in
Table II. 10log;q of the expected square magnitude of the ambiguity function, based on the analytical expressions of Egs. (4) and (5), and (6) is also shown
(gray line) and is found to be in good agreement with the Monte-Carlo result. The variance of the ambiguity function dominates the total intensity and the mag-
nitude squared of the ambiguity function’s expected value is negligible.

M—1M—1 2,
o :Jv<|‘}’sq(r V)| >dv~b1 ;; . (fn — 1)
M—
2fm
+ MZ(L> W b & e +dip, (%a)
m—0 ¢
: S,
o2 = [ (ol o) Yo by I 1)
n= =0 ¢
M—1M—1 2
2
+ Z 2<T) (fm _fn) Ky,
n=0 m=0
M—1 3
2
+|m (ﬁ) (22 + )
c
m=0
~ e+ dapt, + (i + 07), (9b)
TABLE III. Coefficients of Eq. (9).
Cy d; C2 dy €2
0.0156 2.1334 0.5822 0.1333 4.5512
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where the ambiguity function has been normalized so that
[{|¥, 4(z, v)[)dv= 1. The coefficient b, is given by

b = Mzzf"’ (10)

m=0

The coefficients ¢, dy, ¢2, da, and e, can be calculated ana-
lytically, given a specific signal design, and then used to
provide estimates of the target’s mean velocity and its stand-
ard deviation given measurements of v; and v,. For the pur-
poses of this paper, we employ the Costas sequence design
detailed in Appendix A that satisfies Eq. (7), and for which
the coefficients are given in Table III. In the illustrative exam-
ples of Sec. Il A, we assume the form of Eq. (9) holds and
use it to estimate the velocity means and standard deviations.
Estimates obtained via the Moment Method in Sec. III A are
found to be very accurate, with errors typically smaller than
10%.

Similarly, for the moments of the expected square
magnitude of the ambiguity function over time-delay T,
we find
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T = Jr<|‘1’w(r, v)|2>dr

1M 1M—1
r+ 1) - drz,ma (lla)
C n=0 m=0
T, = Jrz<|‘l’5’q(r, U)|2>d‘5
2 M—-1M—1
(|1r O'u| —|—|I +1r ,Uu 7 dn,m; (11b)
n=0 m=0

where r is the range from the monostatic source/receiver
position to the center of the resolution footprint, and the
ambiguity function has again been normalized so that
[{|¥,, (x, v)[*)dr = 1. The coefficients d,,,, are given by

_pfclfnty
dn7”1P‘,,<2[ fm 1D (12)

Equation (11) shows that the first two moments of the ambi-
guity function’s expected square magnitude along a constant
Doppler shift axis are linearly related to the first two moments
of the target swarm’s position. Note that as long as the abso-
lute value of the mean position estimate is less than or equal
to the length scale of the resolution footprint, then for practi-
cal purposes the targets have been accurately localized.

B. Waveguide

As in Sec. IT A, we assume a group of N targets is ran-
domly distributed within volume V in the far-field of a
monostatic source/receiver system in a stratified range-inde-
pendent waveguide. We also assume that targets scatter
omnidirectionally for the frequencies considered. Under
these conditions, the field scattered from the gth target, due
to a harmonic source at angular frequency Q, can be found
by adapting Eq. (59) of Ref. 14 to account for the case of a
monostatic (ry=r), stationary (vo = v = 0) system and for
the change of the coordinate system origin from the target
centroid to the center of the resolution footprint

Im — Wy gt
(D I' ,Q, wm,/,q)e e

O, ,(r,;Q) —4nzzk

13)

where w,,,1,4 = Q+ v [E(Q) + &,(Q)] is the Doppler-shifted
frequency due to target motion, ¢ is the wavenumber, S(®) is
the target’s planewave scattering function, / and m are indi-
ces corresponding to the incoming and outgoing modes,
respectively, and the variable (Di’,;" describing propagation to
and from the target is defined explicitly in Eq. (B30). Note
that both the scattering function and the wavenumber are
evaluated at the Doppler-shifted frequency w,,.,, due to
modal propagation. The mean and second moment of the
ambiguity function of the back-scattered field are derived
analytically in Appendix B2 and are given by
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<\Psq(f U)> — %JDC S(w/)Q (w _ 27[1]) —i(w' —2mv)T

<SS nnf + 1)

x U™ (| v,)Py(vy)dv,da, (14)

J"C S(w
o= 2m)e 0T [SF S

x Qo1 (14, (1 +1/v5)7")

X U;m’”’p(wl,wz,vq)

x Q% (m(1 +vq(1/v,,G+ 1/v[(f))71)

X Py (vg)dvydwde,, (15)

(|Ws4(t,0) lzJ-
o(

where @', @, or w, correspond to received frequencies,'* v

is the group velocity of the mth mode, and Q(f)is the source
spectrum. As in the free-space case, the ambiguity function
can also be interpreted in terms of target velocity and posi-
tion by using the transformations v =v¢v/(2f.) and
u =v{1/2, where v and u are the target’s velocity and posi-
tion, and f,. is the signal’s center frequency. The variables
Ué"" and U;””'”'” are defined in Egs. (B34) and (B38), respec-
tively, and are characteristic functions for the gth target’s
initial position uf; given its probability density function,
Pu(u(q]). They can be interpreted as Fourier transforms of the
target’s spatial distribution and are evaluated at the Doppler-
shifted frequencies w,,;, and w,, , , so that they are functions
of the modes I, m, n, and p.

For a group containing N targets, we again have |(¥(z,
D) =N |(Pq)? and  (|¥r0)*) =N(|¥sq(n.0))
+ NIV — D(Ps (1, 1))|% As in the free-space case, the
expected square magnitude of the ambiguity function is the
sum of a second moment term proportional to N and a mean-
squared term proportional to N°,where the variance term typi-
cally dominates for groups large compared to the wavelength,’®
as shown for the case A target distribution scenario that repre-
sents migrating herring (Table I) in Fig. 4. The source signal
and remote sensing system parameters are given in Table IL
We note that the targets appear to be closer to the source/re-
ceiver by roughly 40 m, but this is approximately equal to the
length scale of the system’s resolution footprint, so for practi-
cal purposes the targets are still accurately localized.

1. Estimating target position and velocity statistics

As in the free-space case, Eqs. (14) and (15) cannot
typically be analytically evaluated. A significant simplifica-
tion is however possible in the case of some specially
designed source spectra, such as Costas sequences,
which can be written in the form of Eq. (7), Q(Q)
= S M L a,e/ @21 5(Q — Q). The second moment of the
ambiguity function is then given by (see Appendix B2),
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(wy + 2m0)/c| [(owp + 270)/c . Jo
5 range remote sensing of marine life in the ocean. In all the
) ( @9y _ M) e @y —op)t examples, we employ the Costas sequence design detailed in
Op - Oy + 270 Appendix A and the remote sensing system parameters sum-
X Z Z Z Z marized in Table II. The mean of the ambiguity function and
I m o p its expected square magnitude are found by evaluating either
% U(l],m,n,[’(wn, + 270, wp + 27w, V,)Pu(V,),  (16) Eqgs. (4) and (5) for free-space or Eqs. (14) and (15) for the

where a,, are the coefficients of the w,, frequency compo-
nents forn’ =1,2,..., M, and

N Wy + 21 _

v, = (—————————-1)(1/vf-+1/vg) L (17)

Opy
Despite this simplified form, it is still not straightforward to
derive analytical expressions for the moments along time-
delay 7 and Doppler shift v. We note, however, that
U!I’””"”’(a)n/ + 27w, wp + 210, V)
1

Vv

Jv (I)ﬁ’j; (r, Wy, O + 27w)CD:,Z”’ (r, 0, 0r + 27w)d3u27
(18)

which is not a function of target velocity, so that Eq. (16) for
the waveguide has many similarities with Eq. (8) for the
free-space case. In the illustrative examples of Sec. III B, we
assume the form of Eq. (9) still holds and use the coefficients
of Table III for free-space to estimate the velocity means
and standard deviations in a waveguide.
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waveguide scenario via 100 Monte-Carlo simulations. We
then evaluate the moments of the ambiguity function square
magnitude along constant time-delay and Doppler shift axes.
Estimates of the targets’ velocity and position mean and
standard deviation are obtained via the Moment Method by
inverting Egs. (9) and (11), using coefficients from Table III,

N VI —
Ky = dy (19a)
V) — 2 — dafi,; — erfi?;
oy = ||, (19)
i ﬁu:%—r, (19¢)
i oy = @—[Hir-ﬂ]z (19d)
2d; u
where

|. Bertsatos and N. C. Makris: Estimating the velocity of target swarms

Downloaded 21 Dec 2011 to 18.38.0.166. Redistribution subject to ASA license or copyright; see http://asadl.org/journals/doc/ASALIB-home/info/terms.jsp



10log 10<|Ambiguity Function| 25; Herring Shoal, n A =2fish/m 2

Velocity (m/s)

14.5 15
Position (km)

15.5

(dB)

=12

Constant Position cut (dB)

Constant Velocity cut (dB)

Y SR S S A L S S S S

7| e 0 P s 5 . - ol g s e a3 s s 5 s 3 9 .

FIG. 5. Free-space. The strength of
the sidelobes is much less than half
that of the main lobe and the
Moment Method provides accurate
velocity and position estimates, as
shown in Fig. 6. (A) 10log;( of the
expected value of the ambiguity
function square magnitude for the
pressure field scattered from a shoal
of migrating herring (Table I, case
A) and given the source signal and
remote sensing system parameters in
Table II. The white curve indicates 3
dB-down contour(s), which may be
used to roughly delimit the target
shoal. The maximum of the ambigu-
ity surface is shown by a white
cross. (B, C) Constant-velocity and
constant-position cuts through the
point indicated by the white cross in
(A). Dashed lines indicate the mean
position and velocity estimates
based on the maximum value of the
ambiguity surface (Peak Method).

(21a)

-20
14.5 14.6 14.7 14.8 14.9 15 15.1 15.2 15.3 154
Position (km)
== ([Wsq(z,0))] ~
s, g\ =20 f./c?
dy =23 dum 20) L
n=0 m=0

d, n has been defined in Eq. (12) and j corresponds to one

(¥ (0, 0) )~ 2t e

uyj

Monte-Carlo simulation. For the coefficients ¢; through e,,

we use the analytically calculated values for free-space given
in the first row of Table III. Estimates of the mean velocity
and position are also obtained by simply finding the peak of
the ambiguity function square magnitude, which we refer to

as the Peak Method and define by
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example,
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For each estimated quantity, Ny;c = 100 Monte-Carlo simu-
lations are used to calculate the estimate’s sample mean and
sample variance, and so investigate how such estimates per-
form in both free-space and waveguide environments. For
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FIG. 6. Free-space. Estimates of the velocity and position mean and stand-
ard deviation for simulated migrating and swarming herring shoals, and a
migrating school of tuna (Table I), given the source signal and remote sens-
ing system parameters summarized in Table II. Target positions are local-
ized within the remote sensing system’s resolution footprint, and velocity
estimate errors are typically less than roughly 10%. Horizontal lines indicate
true values. (A, B) Estimates of the targets’ velocity mean and standard
deviation. Triangles and solid vertical lines indicate the sample means and
sample standard deviations of estimates obtained via the Moment Method
[Egs. (19a) and (19b)], using 100 Monte-Carlo simulations. Circles and
dashed lines indicate the sample mean and sample standard deviation for
estimates of the mean velocity obtained via the Peak Method [Eq. (21a)],
i.e., by locating the maximum of the ambiguity function square magnitude
[white cross in Fig. 5(a)]. (C, D) Same as (A,B) but for estimates of the
group’s position mean and standard deviations obtained via both the
moment (triangles and solid vertical lines) and peak (circles and dashed
lines) methods.

1 Nuc
Av =N _ Av i) 22a
(i) = 3 ; o, (22a)
. 1 Nuc . i
Var(:uv) = ]WC (:uv,j - (ﬂv>) (22b)

J=1

The free-space results are presented here for comparison with
those in a waveguide, since analytical expressions for the
moments of the expected square magnitude of the ambiguity
function have been derived only for free-space. For the wave-
guide scenarios, we check whether estimates of the velocity
and position mean and standard deviation can be obtained via
the Moment Method using the analytical expressions derived
in free-space, Egs. (9) and (11), and Table III. For the case
when additive noise in included, the results presented here
are applicable as long as the spectral level of the noise does
not exceed the spectral level of the signal by more than the
time-bandwidth product of the signal.

A. Free-space

The expected square magnitude of the ambiguity func-
tion, as well as constant-velocity and constant-position cuts
through its maximum for a typical migrating shoal of herring
(Table I, case A) are shown in Fig. 5, given the signal and
remote sensing system parameters summarized in Table II.
Estimates of the velocity and position mean are obtained via
the Moment Method [Egs. (19a) and (19¢)], as well as via
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FIG. 7. Waveguide. There is now more energy in the sidelobes of the ambi-
guity function compared to Fig. 5, but both the Peak and Moment methods
still provide accurate velocity and position estimates as seen in Fig. 8. (A)
10log; of the expected value of the ambiguity function square magnitude
for the pressure field scattered from a shoal of migrating herring (Table I,
case A) and given the source signal and remote sensing system parameters
in Table II. The fish are assumed to be submerged in the waveguide of Fig.
2. The cross-range resolution is set to be such that the fish areal number den-
sity is 2 fish/m>. The white curve indicated 3 dB-down contour(s), which
may be used to roughly delimit the target shoal. The maximum of the ambi-
guity surface is shown by a white cross. (B, C) Constant-velocity and con-
stant-position cuts through the point indicated by the white cross in (A).
Dashed lines indicate the mean position and velocity estimates based on the
maximum value of the ambiguity surface (Peak Method).

the Peak Method [Eq. (21)]. The Moment Method and Eqgs.
(19b) and (19d) are then used to estimate the velocity and
position standard deviation.

The sample means and sample standard deviations, e.g.,
Egs. (22a) and (22b), of these estimates are shown in Fig. 6.
We find that estimates of the velocity and position mean
based on the Moment Method are at least as accurate as
those based on the Peak Method. For mean velocity, only the
case of the swarming herring demonstrates an observable
bias which is likely due to the very large standard deviation
of the targets’ velocity for that scenario. As long as the esti-
mate of mean position is within the 40 m resolution footprint
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FIG. 8. Waveguide. Estimates of the velocity and position mean and stand-
ard deviation for simulated migrating and swarming herring shoals and a
migrating school of tuna (Table I), given the source signal and remote sens-
ing system parameters summarized in Table II. Target positions are localized
within the remote sensing system’s resolution footprint, and velocity esti-
mate errors are typically less than roughly 10%. Horizontal lines indicate
true values. (A, B) The sample means and sample standard deviations of
estimates of the targets’ velocities mean and standard deviation obtained via
the Moment Method [Eqgs. (19a) and (19b), triangles and solid vertical lines].
Also the sample mean and sample standard deviation of the target mean ve-
locity estimate obtained via the Peak Method [Eq. (21a), circles and dashed
lines], i.e., by locating the maximum of the ambiguity function (white cross
in Fig. 7). (C, D) Same as (A, B) but for estimates of the group’s position
mean and standard deviations obtained via both the moment (triangles and
solid vertical lines) and peak (circles and dashed lines) methods.

of the remote sensing system, for practical purposes, the tar-
get group has been accurately localized. This is the case for
all the examples considered here, as shown in Fig. 6. Esti-
mates of the velocity standard deviation for cases A, B, and
C are very distinct. This suggests that in free-space it may be
possible to use the Moment Method to help identify and clas-
sify dynamic behavior.

B. Waveguide

We consider the same cases (Table I) as in Sec. III A for
free-space, with the same source signal and remote sensing
system parameters (Table II), but now in the waveguide as
shown in Fig. 2. For the case of a migrating herring shoal
(Table I, case A), we find that the Peak and Moment Meth-
ods provide accurate velocity and position estimates, even
though the ambiguity function square magnitude now exhib-
its more significant sidelobes, as shown in Fig. 7. By using
Monte-Carlo simulations, we show that the same equations
that linearly relate the first two moments of the ambiguity
function square magnitude along a constant Doppler shift
axis to the first two moments of the target swarm’s position
in free-space [Eqgs. (11a and 11b)] also approximately hold
in the waveguide case, for the Costas source signal.

These estimates for all cases are shown in Fig. 8. We find
that the free-space expressions and coefficients for the
Moment Method of Egs. (9) and (11) and Table III provide
very good estimates of the mean velocity and position of the
groups and their standard deviation in a stratified range-inde-
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FIG. 9. Waveguide. Necessary length scales for the quadruple modal sum
of Eq. (B37) to reduce to a double modal sum, given different frequencies Q
and sound speed profiles.

pendent waveguide environment. Estimates of the velocity
mean and standard deviation are found to typically be within
10% of their true values, and the targets are accurately local-
ized within the system’s resolution footprint. Estimates of the
velocity standard deviation for the three different cases con-
sidered are found to be distinct, which suggests that it may be
possible to classify dynamic behavior through instantaneous
Doppler measurements.

IV. CONCLUSIONS

We showed that for typical remote sensing scenarios of
large aggregations of randomly distributed moving targets
where the group dimensions are much larger than the acous-
tic wavelength, the variance of the scattered field dominates
the range-velocity ambiguity function, but cross-spectral co-
herence remains and enables high resolution Doppler veloc-
ity and position estimation. We then developed a method for
simultaneously and instantaneously estimating the means
and standard deviations of the velocity and position of
groups of self-propelled underwater targets from moments of
the measured range-velocity ambiguity function. This
Moment Method is based on analytic expressions for the
expected square magnitude of the range-velocity ambiguity
function in free-space. It was shown that for pseudo-random
signals, such as Costas sequences, the moments of the ambi-
guity function’s expected square magnitude along constant
time-delay and Doppler shift are linear functions of the
mean and variance of the targets’ velocity and position. We
also described an alternative Peak Method that can be used
to estimate the targets’ mean velocity and position.

Both methods were shown to perform well not only in
free-space, but in a typical continental-shelf ocean wave-
guide also. In particular, for typical long-range imaging sce-
narios, exceeding 10 km, the target groups were accurately
localized within the remote sensing system’s resolution foot-
print with simultaneous velocity mean and standard devia-
tion estimates for the group within 10% of the true values.
We found that the estimates obtained via the Moment
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Method were at least as accurate as those provided by the
Peak Method. The performance of both methods is dependent
on maintaining low sidelobes in the ambiguity surface. Since
it is only possible to measure the targets’ velocity component
relative to the system, at least two sources or receivers must
be used to estimate horizontal velocity vectors.

APPENDIX A: SIGNAL DESIGN

The range-velocity ambiguity function provides a
graphical representation of the resolution capacity of a given
signal and is typically used to quantify the signal’s perform-
ance in terms of resolving target range and relative velocity
from measurements of the scattered field.! The ambiguity
function characteristics for several “basic” signals have been
reviewed extensively in literature.'*>> In terms of clutter
discrimination and reverberation suppression in the presence
of ambient noise, the following signals are among the best
options: pulse trains, linear frequency modulated (LFM) sig-
nals, and pseudo-random noise signals, such as Costas
sequences. Here, we describe the design of a Costas
sequence signal motivated by the need to resolve the position
and velocity of a large group of underwater biological tar-
gets. We assume that the desired range resolution is around
50 m, while the velocity resolution should be better than 0.2
m/s. Finally, the signal’s center frequency should be on the
order of hundreds of hertzs or a few kilohertz, to allow for
remote sensing on the order of tens of kilometers.*

A Costas sequence is defined in terms of the number M
of CW pulses in the sequence, the duration T, of each
pulse, the base frequency f,, and the sequence used to gener-
ate each CW pulse. To determine appropriate values for the
above parameters, we consider the range Au = cAz/2 and ve-
locity Av = cAv/(2f.)resolutions we want to achieve, where
At and Av are the time-delay and Doppler shift resolutions
of the signal,'

1 Tey
At =—=—"" (Ala)
B M
1 1
Av=—= , (Alb)
Ttot MTCW

f. = fp+BJ2 is the center frequency and c is the speed of
sound in the medium. Increasing the center frequency will
decrease Av and so increase the velocity resolution. Given
then a Costas sequence of M = 7 pulses, a pulse length of
T.w=0.4 s leads to a range resolution of approximately 43
m in water (¢ = 1500 m/s). The desired velocity resolution of
0.2 m/s or better can then be achieved by choosing f,. = 1600
Hz to get Av =~ 0.17 m/s.

For this specific design of a 7-pulse Costas sequence,
the total signal duration is Ty, = MT., =2.8 s and the band-
width is B=M/T.,, = 20 Hz. Each of the seven consequent
pulses is a CW at frequency f, =f;, + o,/T., for n = 0,1,...,
M —1, where f), is the signal “base” frequency (f, — B/2) and
o, is the (n+ 1)th element of the Costas sequence, here cho-
sen to be (4, 7, 1, 6, 5, 2, 3). The normalized time domain
expression is given by’
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M-
t - nTCW ) (A2)
:0
where
TR0 <t <T,
e SIS Lew
a (1) = ’ . A3
an(t) {O, otherwise. (A3)

The complex signal spectrum is then given by the Fourier
transform of Eq. (A2),

M-1
_ Tew ezan (nTew) 12n(f —f) ””/2S11’1C( (f _fn)Tcw)
M n=0
M-1
= eV usine(n(f —f)Tew)
n=0
M—1
~ Y a, IS (F — f), (A4)
n=0
where a, = /Zee e and h, = (n+ 1/2)Ty,, so that Eq.

(A4) is in the form of Eq. (7). Note that the last line of Eq.
(A4) strictly requires |[f - f;,| > 1/T.,,. It is still approximately
valid otherwise.

APPENDIX B: FULL FORMULATIONS IN FREE-SPACE
AND IN A STRATIFIED WAVEGUIDE FOR THE
STATISTICAL MOMENTS OF THE AMBIGUITY
FUNCTION FOR THE FIELD SCATTERED FROM A
GROUP OF RANDOMLY DISTRIBUTED, RANDOMLY
MOVING TARGETS

1. Free-space

Here, we derive analytical expressions for the statisti-
cal moments of the ambiguity function of the total acoustic
field scattered from a group of moving targets in free-
space. We begin with an analytical expression for the
acoustic field scattered from a simple harmonic source by
a single moving target in free-space (Appendix C of
Ref. 14) and derive expressions for the statistical moments
of the received field when the target’s position and veloc-
ity are random. Fourier synthesis is then used to expand
these expressions for the general case of broadband source
signals and calculate the statistical moments of the ambi-
guity function of the received field. Accounting for the cu-
mulative effect of a distribution of N randomly swarming
targets, we note that the expected intensity of the received
field consists of (i) a variance term proportional to N due
to scattering from each target, and (ii) a mean-squared
term proportional to N* due to interaction of the fields
scattered from different targets,22 where the variance term
typically dominates.®

a. The back-scattered field

We consider a monostatic stationary source/receiver
system at r, and a group of N targets randomly distributed in
volume V centered at the origin 0. The random position of
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the gth target at time 7, is given by r,= ug + Vgt,, as shown
in Fig. 1, where ug is its random initial position, and v, is the
target’s average velocity during the time necessary for the
sound signal to travel through the remote system’s resolution
footprint. Since the Doppler shift due to a moving target
depends only on its speed relative to the source and receiver,
we assume without loss of generality that v, = Vql, + v, J_l, 1,
where i 1, .1 denotes a unit vector perpendicular to i, . Under the
above conditions, the field incident on the gth target in the far-
field of a harmonic source of frequency f is given by adapting
Eq. (C3) of Ref. 14,

i1y 1) = 27O, (B1)

where 1= |r|,1,=1/|r|, and we have used the far-field
approximation |r, — 1| =r — i, -1, valid for r > r,. To
determine the field scattered from the gth target, we then fol-
low the derivation procedure detailed in Egs. (C4)—(C19) of
Ref. 14,

S f r - &\, —i2nf1
044 (5,6) = D601 711 + 20,/ G010,y
> e*ian(lJr(1+2v1,/c)71)i,~u2/c', (B2)
where
_ 1 _
IR S (B3)
1 —v/c

is the Doppler-shifted frequency of the scattered field. This
derivation is also consistent with the approach of Dowling
and Williams,?® Egs. (9.1)—(9.7), for calculating the sound
field due to a moving point source.

Let us now consider the effect of random target position
and speed. Taking expectations over the random initial offset
ug , we define

:J e~ 21422 /) /e p, O)du),  (B4)
|4

where Pu(uf;) is the probability that the target initial position
is ug , and p, is the corresponding characteristic function, i.e.,
the Fourier transform of P,. Then,

<(Ds7f1(r, t,f)> = JST@G(Oh‘,fT(l =+ 2‘}(1/C>_1G(r|0’f)e_i2nﬂ7

X Uy(f ir/c,vg)Py(vg)dv, (BS)
where P,(v,) is the probability that the target speed is v,.
We note that when the source frequency f becomes such that
the wavelength c/f is much smaller than the length scale of
the targets” spatial distribution, the variable U,(fi,/c,v,)
approaches zero, so that (®@; ,(r, t; f)) ~ 0 also.

Finally, we can derive an expression for the autocorrela-
tion of the scattered field from the gth target,
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(Dyq(r, 15 _) @5, (r, 1+ 1))
J (f) S’ ) (|0 f) zan'tG*(r|0’}?)ei2nf(1+r)

(O], £ (1 + 2w, /)~ )e it/ (2m /o))

J (O, F(1L + 2v, fe) ™ )em g/l (1 2u/e) )
x G*
x P,(u )P (vy)d’u Odv,,

- J | |(/5|3| IG(t[0./)PIGOIrf (1 +2vg/c) )

x 2P, (vg)dvy. (B6)

b. Statistical moments of the ambiguity function

For a broadband source with source function ¢()
<= Q(f), the scattered field is found by Fourier synthesis
as

W, (1) = jde(f)cbw(m;f) . (B7)

The ambiguity function of ¥ ,(r, 7) is defined as

o0

W, (r0)g" (t — 7)e*™ds

—00

lPs,q(‘ca U) = J
= r g (rf)O (f — v)e > 0%df’ (B8)

—00

where * signifies complex conjugate and

Polef) = @™ [ 00 5. 1f)
o S(f - -
- Jd;eﬂ“f ! deQ(f) %G(Oh,f(l +2v,/¢)7")
G(r|0 *) % e~ i2nft e—iznf(1+(1+2vq/c)*1){,..ug/c.
(B9)
Changing the order of integration, the integral over ¢ results

in the delta function 6(f’ — f), where f' = f(1 + 2v,/c) (see
Appendix B1). Substituting for f,

5 — F)of
1+2v,/c
3D G0 i1 + 20,

712nf(1+(1+2vq/z:)7 )i,nug/c

W, () = j O(F(1 +2v,/c) ™)

HG(r0)
4

~MWg Y60

G(O[rf'(1+2vy/c)”
x Q(f'(l +2v4/¢) ")

—i27f (14+-(142v, /)" )i,»ug/c

X e (B10)
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Plugging Eq. (B10) into Eq. (B8), we then have

oo = [ 60rs a0

X G(r{0)Q(F (1 + 2v,/c) ")

—27f (14+(142v, /c) ™ )1,u2/c

X e

x Q"(f' -
and we can now provide expressions for the expected value
of the ambiguity function, as well as its second moment,

—00

U)e—[QTE(f/—v)Tdf/ (Bl 1)

(Pl = | 2] p)e

x jG<0|rf'<1 20, /) O (1 + 2vg/0) )

G(r0./)Q"(f —

X Uy (f'iy /¢, vg)Pu(vy)dv,df’ (B12)
and
<|‘Psﬁq(f,v)lz>:f j_ Vg G(r[0,/1)Q"(fi —v)
S*(fz) ( |0,f2)Q<f2 )XefiZn(flffz)r

« JG(O|r,f1(l +2v,/¢) O (1 +2v,/c) )

X G*(0|rfa(1+2v,/c) O (. (1+2v,/c) ")
x Uy ((fi — ) /¢, vg)Py(vy)dvydfidfa. (B13)

We note that the term U, which corresponds to the character-
istic function of the random target position uqo, is evaluated at
different wavenumbers between Egs. (B12) and (B13). As
demonstrated in Sec. II A, evaluating U, near base-band typi-
cally leads to the second moment of the ambiguity function
dominating over the magnitude squared of its first moment.

For the total field scattered from the group of N targets
within volume V, we can write W;(r,f") = Z’::l W4 (r,f").
Assuming that: (i) target positions are i.i.d.random variables,
and (ii) target speeds are also i.i.d., we then have (W (t,0))
=N (¥,, (t, v)) with the second moment given by

ZZJ j *Wemosie ti-v

q=1 p=1
S (R)
ks

«[[[[6totesi12v, 07
< Q(fi(142v,/0) )G Olefs(1+2v,/0) )

XQ*(fZ(l‘FZVp/C)_ ) ’27Tf|(1+(1+2tq/¢> il S/L

Xeiznf2(1+(1+2v,,/c)*‘)i,.-u,,/c

(|Wsq(t,0)

G (r0,/2)0(fa—v)

><Pu(ug)Pu(ug)Pv(vq)Pv(vp)duSdugdquv,,
w g i2m(fi=f)T dfidf
=N(|Wiq(7,0) ) +N (N = 1)|(¥y 4 (z,0)) .

(B14)
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The last line is arrived at by considering the distinction
between the ¢ =p terms, and the g # p terms. The second
moment of the ambiguity function then consists of two
terms: (i) a variance term proportional to N due to scattering
from each target and (ii) a mean-squared term proportional
to N? due to interaction of the fields scattered from different
targets,”” where the variance term typically dominates.®

c. Moments of the ambiguity function over time delay
and Doppler shift

Equations (B12) and (B13) cannot typically be analytically
evaluated. A significant simplification is however possible in
the case of specially designed source spectra that can be
approximated by Eq. (7), Q(f) = S0 a, e (s (f — f,).
As we show in Appendix A, a Costas sequence belongs in this
set of signals. Equation (B12) can then be rewritten as,

M—1M—-1 o0 /
. S
w0 = 3> dian | 2oy
n=0 m=0 —
X e_fzn(f,_v_fu)hué(f -0 _ﬁl)

0 [ GOl (14 20, /0) )

w27 (14204/¢) " fur)hm o S(F'(1 4 2v,/c)”"

—F) Uy (f'is [, vy )Pu(vy)dv,df'.  (B15)

Integrating over f* introduces the delta function
clfn+v
olvy—= -1}, (B16)
(-3l )

since f =f, +v =1, + 2v,/c), so that

M—1M-1

S(fy +v)
ayay —————G(1|0,f, + v)
; 2) "2n(f, +v)/c

x G(O|r, fn)e ™% x py([fy + fon + V)i, /C)
fn+0
(5[ 1])

where we have substituted for U,, 4 using Eq. (B4). Similarly,
for the second moment of the ambiguity function we find,

(B17)

([Wsq(T0) gggg%“m‘”a [z:((; —:f))/c}

n=0 m=0 /=0 j=0

<) |tlog+o)

X G* (1]0.f+0)G (O]t f,)G* <o S J:; m)

(f - )pu([fﬁfm ﬁ Jf’ +Uf]r/c)

R
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where the delta function signifies that, for given v, only
specific frequency ratios result in non-zero values for
(¥, ).

To evaluate the moments of the ambiguity function’s
expected square magnitude along v, we assume that the
acoustic wavelength is much smaller than the spatial extent
of the target swarm, so that the characteristic function of the
target’s position (p,) can be approximated as a delta func-
tion, whereby

M—-1M—1
e OU RS )
0 m — Jj 0 n m
)3 Qﬁvf 5)( s =i 5
M—-1M—1
= O(fi = fu)o(fj — fin) (B19)
=0 j=0
so that
M 1M—1 2
S+ 0)
lPr nl Am| —— 1
<| ! T U n:O m=0 |a ‘ | | 2 (fn+l))/6]2

1 clfu+v

X e P, (2 { 7 1} ) . (B20)
It has been shown in Ref. 22 that, for the opposite case,
when the acoustic wavelength is on the order of the target
swarm dimensions, other coherent effects are important and
simplifications to Eq. (B18) are not possible. For low Mach
number motions, we assume that the term |[S(f,, + v)|2/
[2n(f, +v)/c]* is approximately constant and equal to
IS(,)|*/(27f,/c)?. The moments of Eq. (B20) along v for con-
stant 7 are linearly related to the moments of the target speed
probability density,

b= Ju<|tps,q(f,u)|2>du

M—1
=anm2f”’(m fn+fm2’”>,

(B21a)

v = Jvz<\‘l’w(r, v)[*)dv

M—1 2 2
—Zmﬁf’”{(fm —fut ’“_“) uz 2} (B21b)

n.m

after normalizing so that j<|‘I’S’q(r,v)|2>dv: 1, where b,,, is
a known constant, u  and o, are the mean and standard devi-
ation of the target speed, and f, and f,, are known constants
that correspond to the distinct frequency components of the
source spectrum of Eq. (7). For example, for the case of a
continuous harmonic wave (M = 1), we find v, =2fyu,/c,
and vy = 4fy*(02 + 12)/c”.

Going back to Eq. (B18), to evaluate the moments of the
ambiguity function’s expected square magnitude along 7, we
now write the characteristic function for u as a Taylor series
expansion,
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pu(yir/c) = JPu(uq)ef"z”””i"'“q/ ‘du, = JPu(uq)(l — 2w, /e

471:2 a
2 g
2

4
; VZ ( [ir ’ Uu]z
ZCW

=1—2ny(r+i,-p,)/c—

+r+ir-m]?)/ P+ - (B22)

where v = (f,, + f,, — fi — f.(fi + v)/(f, + v)), and u, and g, are
the mean and standard deviation of the target initial position,
respectively. The moments of Eq. (B18) along t involve
integrals of the form

SN\ P
J‘E[7€752n<ﬁ'7ﬁ)rdf — <2l—n> 5(])) (fn _fl>7 (B23)

where 67 is the pth derivative of the Dirac delta function
and is defined by the property j

[ ryar =~ | %L g

= ([0

'(f)df
S(f)df.  (B24)

Before substituting into Eq. (B18), we also note that
M-1
+v
> 5<J;lfm —ﬁ>5(fn —f)=0(f—fu).  (B25)
1=0 n + v

The moments of Eq. (B18) along 7 are then given by

M—-1M-1 2
|S(fn+v)| 1
P lPY T= Aap| |am
J’ (Weawol)e=0 ) lanllanl oy
. p n+
e
so that

(B27b)

Note here that, for the case of a continuous harmonic wave
(M = 1), it is not possible to infer the statistics of target posi-
tion since y =0, p,(0) =1, and the magnitude square of the
ambiguity function does not depend on target position, as
expected.
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Also note that Egs. (B21)—(B27) were derived for the
expected value of the ambiguity function magnitude squared
given a single target with random position and velocity, Eq.
(B13). For a total of N targets, the expected value of the ambi-
guity function magnitude squared is instead given by Eq.
(B14), which also involves the magnitude squared of the
expected value of the ambiguity function for a single target,
Eq. (B12). Moments of the latter along constant-t and con-
stant-v axis cannot in general be expressed as linear functions
of the target’s position and velocity statistical moments, even
for source signals that satisfy Eq. (7). For a group of N targets,
moments of the expected value of the total ambiguity function
magnitude squared can still be used to obtain estimates of the
targets’ position and velocity means and standard deviations,
as long as the variance of the received field intensity domi-
nates, which is typically the case.®

2. Stratified waveguide

Here, we derive expressions for the statistical moments
of the ambiguity function of the total acoustic field scattered
from a group of moving targets in a stratified waveguide.
Our formulation is based on analytical expressions for the
Doppler shift and spread expected in long-range scattering
from fish groups in the continental-shelf, which in turn are
based on a model for scattering from a moving target sub-
merged in a stratified ocean waveguide.'* We also state con-
ditions for modal decorrelation, since it has been shown that
given a sufficiently large distribution of random volume or
surface inhomogeneities, the waveguide modes will decou-

ple in the mean forward field.***’

a. The back-scattered field

As for the free-space case in Appendix B1, we consider
a monostatic stationary system at range r from a group of N
targets randomly distributed within volume V centered at the
origin 0. The position of the gth target at time ¢, is given by
rq:uqO—l—V,{tq, as shown in Fig. 1, where uoq is the initial
random target position, and v, is the target’s average veloc-
ity during the time needed for the sound signal to travel
through the remote system’s resolution footprint. We assume
again that v, = vqi,. + vy ﬁ,} 1, where i, | denotes a unit
vector perpendicular to i Finally, we assume that for
the frequency regime we consider, the targets scatter omni-
directionally so that their scatter function has no angular de-
pendence. Under the above conditions, we can rewrite Eq.
(59) of Ref. 14 as

S (Uml ;
q lm —iWp gt
D, ,(r,1;Q) =4n E E (D (1,Q,014)e il

(B28)

where
wm,l,q:Q—"_vq [61(Q)+£m (Q)] (B29)

is the Doppler-shifted frequency due to target motion. We
have defined for convenience
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DL (r, Q, Omig) = [Ar(; Q)An(r; wnuz,q)e"(”"’(m”m<“'m~’-4>)"2

— A(1;Q)B(1; wm,zq)e’ o (Om1g))2)
- B[(I‘; Q)Am (r, wm,lq)e —Vm wm[q)) 0
+ Bl(r; Q)Bm (r, wm"[q)e +/m wm[q)) ]

« el(G(Q)+En(Onig)py (B30)

where, other than in the expression for w,,;,, the /th mode
wavenumbers are evaluated at €, while the mth mode wave-
numbers are evaluated at ®,,;,. Note that @ |’ L 7 (@ Qw18
an implicit function of v,.

Equation (B28) is valid when we are in the far-field of
the source/receiver, which is satisfied here since we are con-
sidering scattering from targets within a resolution footprint
of our monostatic system. We have already made use of this
fact in deriving Eq. (B30), where for the amplitudes of the
down- and up-going plane waves of the incoming mode I,
we have written
0.Q) = Ay(1; Q) x &/GO@iphin (@i

Ay(r— (B31a)

q?

By(r — u%; Q) = By(1; Q) x o1yl @ind)

(B31b)

and similarly for the plane wave amplitudes of the outgoing
mode m, we have used

0. _ .
Ap(r— Ugs Omig) = An(t;Omig)
; A0 A W0
X el<£m(wm/.4)1p uq+/m<wm.lq)lz uq)7 (B32a)
0. _ .
Bm(r — Uy wm.[,q) = Bm(ra wmﬁlﬁq)
ot Cn(@miq)i, W)= (01, 0) (B32b)

For spatial cylindrical coordinates k :ffp + yfz, while
A;(r;Q), B;(r; Q) are the amplitudes of the down- and up-
going modal plane wave components incident on the target,
and A, (r;w,,;4) and B, (r;w,,; )are the amplitudes of the
down- and up-going modal plane wave components scattered
from the target,

. —in/4 1)
A Q) = LN ot

B33
iD Jora @) (B350

P —in/4 (2)
B(r; Q) = L%ei(i,(n)\p\—yAQm,

B33b
&) \JBrEQ)lp] (B330)

. pin/d 1
i Pun@ND i onia)ll o))

d(O) Sngm(wmlq |p|

Am (r; COm,l,q) =

(B33c)

i 7in/4 ( )N(Z)

m__ ol (Cn(Onig)1P1=Vm(Omig)z:)

:d( )\/ Sném(wmlq |p|

B, (I‘; wm,l,q)

(B33d)
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Before taking expectations over target position and speed in
Eq. (B28), we note that only ®/”" is a function of u’ and
define

1
UL (migrve) = J DY (1, Q, g q)d 0

Vi

= sinc( (& + &)L /2)sine((Epy + Eny)Ly/2)

X [sinc((y;+ym)L:/2)(AiAm + BiBy),

— sinc((y; — 1)Lz /2)(AiBm + BiAw)]
(B34)

where we have assumed that the target position is randomly
distributed within the resolution footprint of volume V,
and the following shorthand notations have been employed:
A=A (;Q), B,=B,1;Q), A,=A,Tw,;,), and B,
=B, (r;w,,,). Note that £, &, and 7, are evaluated at Q,
while &\, &y, and 7y, are evaluated at @,,;,. We can then
write for the expected value of field scattered from the gth
target,

D 1,
(Oulrs0) =4 | 355 O s
x e "ma' P (v, )dv,, (B35)

where P, (v,) is the probability that the target speed is v,. For
small Mach numbers, the change between wavenumbers &;(Q)
and &(w,, ), as well as the change between modal amplitudes
A[(Q) and A/, are both very small, so that modal ortho-

gonality leads to Y2, >, U™ (@mig,vg) = Y2 U (@114v4),
where
U”(wllq) = sinc(&,L, )SlnC(C/yL )
x [sinc(y,L.)(A? + B7) — 2A;B)].  (B36)

When the length scale of the resolution footprint becomes
sufficiently larger than the wavelength, the mean scattered
field (®,, (1, ; Q)) = 0.

For the autocorrelation of the scattered field, we find

(D54 (r, QD5 (1,1 + 7, Q))

1“”2222£ﬁ

X D (r, Q, )PP (1, Q0004

—ivg[&( Q)+ ()6 (Q)=E, Q)

(@p.ng)
k*(@pnq)

X e

X eiVKI[én(Q)"'Ep(Q)]T iQTP (Vq)d3 Odvq

deZZZJ@

lm.n.p g[S, (Q
x U, (g, 0pnq,vq)e

g [E(Q)+En(Q) =& ()=, <Q)]IPV (vq)dvq

(@png)
k*(@wpng)

)+&, (Q)]reth

x e~ (B37)
by defining
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l,m,n,

Uq'm POt g, Oping,Vq)
1 3
= V JV (I)fv':; (I', Qv wm,l!{)q);z’b (I',Q,Cl)p’,wl)d US

= SinC((flx F &y — e — gPX) )
sinc((&yy 4 Emy — Sy — Sy

/2
Ly/2

)Ly /2)

x (AiAnALA, + BiB,B, B, ) [sinc((y,+7, — —“/p) 2/2)

— (AA, A*B*—|—B/B BZAP)[smc((/ Vi — yp) :/2)
— (AlAWB A, + BBy ALB) ) [sinc () + 9, + 7 — 7,)L2/2)

+ (AiAnB,B, + BBy AZA,,)[SIHC((VerVm+Vn+vp) :/2)
— (ABp ALA, +BIA,B, B*)[smc((yl Vi = Vn — Vp)L2/2)
+ (ABnA,B, +BiAuB,A, ) [sinc((7; — 7, — 7, +Vp) 2/2)
+ (AiBwB,A, + BiAnA,B, ) [sinc((y; — 7, + 70 — 7,)L2/2)
— (AiBnB,B, +BiAnA A, ) [sinc((7; — 7, + 7, +7,)Lz/2)]
(B38)

where A, =A, (1;Q), B,=B,(;Q), A,=A,(; ®pn,), and
B, =B, (1;00p,1,4).- Also &\, &y, and 7, are evaluated at Q,
while &, &y, and y,, are evaluated at ¢,,,,,. Due to modal
orthogonality, the quadruple modal sum in Eq. (B37) reduces
to a triple sum, 37,37 7 30 UL (@14 DpngVy)
=202 m 2 U“”p(wm 1. PpnaVq)- Further following the
reasoning of Ref 22, Sec. IV B, Eq. (68), terms with m # p
are negligible compared to terms for which m=p as long
as the size of the resolution footprint is large enough, i.e.,

sinc((&ny — Epn))Ly/2) < 1, and (B39a)
sinc((&y — &py))Ly/2) < 1, (B39b)
S0 that D22 2y U (@m.g,0p,1,Vq)

Y om U’ ML, 1., Omiq.Vq)- An 111ustrat1ve example
for the length scales necessary for the above conditions to
hold is presented in Fig. 9 for the waveguide of Fig. 2 and
the source signal and remote sensing system parameters of
Table II. We assume the targets are stationary and uniformly
distributed over all depths, and that the mean range to the
targets is 30 km. While the exact “necessary” length scale
will differ depending on the exact modal decomposition of
the field, we may still conclude that the higher the frequency
and the number of propagating modes, the larger the length
scale required for the double sum approximation stated
above to be valid.
Under these conditions, Eq. (B37) simplifies to

(D4 (1,15 Q)(I)’f (rt + 7;Q))

— 16n2JZZ|S Omig)|

U[ o lm(wm,l,q,wm,l,qa Vq)
k(@ 1q)

x elalEi@)+n( @i gy, (B40)

b. Statistical moments of the ambiguity function

For a broadband source with source function Q(Q)
<= ¢(t), we can use Fourier synthesis to write the scat-
tered field and its spectrum as
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Voylr0) = 5 [400(Q)., (15), (B41)

W, () = szei“’I"I’S,q(r,I) ) (B42)
The expected values of ‘¥ ,(r,@"), and |V, (1, @)|? can then
be calculated in a manner similar to the process described in
Appendix B 1b for the free-space case. The expressions are
given below:

(Wsq(r, o'))=

L) s 1 1)

X Ufl’m(w’,vq)Pv(vq)dvq, (B43)

<|‘Ps7q(r,w’)lz>

=4 Jzzzz

X Q(U) (1 v (1 + 19607
X U]'”'""’”(w’ o',v,)

x Q" (w'(1 Jrvq(l/vn +1/v )~ )Pv(vq)dvq, (B44)

where Vz denotes the group velocity of the /th mode. Simi-
larly, for the statistical moments of the ambiguity function,
¥, (t,0) and |¥, ,(z, v)|?, we find

(W, ,(e.0)) = le S() e (o — 2mp)eiter-2me

T k(o)
JZZQ (U vy (1§ + 187
X UL, vq)Py(vg)dvgde (B45)
and
o _ LT[ S0 gy ST(@2)
Wateoty = [ e =2

~ Q((DQ _ znu)e—i(wl—wz)r

1) 3030 3 ST RRNCI
) m n p

AU (01,01, v,)

X Q" (a1 +vg(1/G +1/69))7")

x P, (vq)dvydoda, (B46)
We note that the term Uq”’”, which corresponds to the charac-
teristic function of the random target position u’, is evaluated
at different wavenumbers between Egs. (B45) and (B46). As
demonstrated in Sec. IT B, evaluating Uql’”’ near base-band
typically leads to the second moment of the ambiguity func-
tion dominating over the magnitude squared of its first
moment.

The total field W (r,") is given by summing over all tar-
gets, ¥(r,0) = le;,:l ¥, ,(r,0') . We assume that: (i) target
positions are i.i.d. random variables and (ii) target speeds are
also i.i.d. It then follows that (‘¥ (z,0)) = N (¥, (t,v)), and
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the expected value of the magnitude squared of the ambigu-
ity function is given by

ZZJ e
o

wl]l[EEEY

><(I)Sq1 (r, w1(1+vq1(1/v, +1/vg))71,co1)

xQ(an (14+va (1) +1/v5) ™)

X Q" (a(14+v (1S +1/v9) ™)

><(I)Yqz(r,wz(l—l—vqg(l/vf—&—l/vf))_l,wz)

X Py(vg1) Py (vg2)dufy dulydvy  dvpde do,
N, g (2.0) ) 4N (N = D] (¥ (2.0))

X Q" (@1 —2mv) O(wy —2mp)e (@1=)

(B47)

where the last line is arrived at by considering the distinction
between the g2 =gl terms and the g2 # ¢l terms. Again,
the second moment of the ambiguity function for the total
group of N targets consists of two terms: (i) a variance term
proportional to N due to scattering from each target and (ii) a
mean-squared term proportional to N* due to interaction of
the fields scattered from different targets,”> where the var-
iance term typically dominates.’
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