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A simple relation for the rate at which energy is extinguished from the incident wave of a far field
point sourceby an obstacle of arbitrary size and shape in astratified mediumis derived from wave
theory. This relation generalizes the classical extinction theorem, or optical theorem, that was
originally derived for plane wavescattering in free space and greatly facilitates extinction
calculations by eliminating the need to integrate energy flux about the obstacle. The total extinction
is shown to be a linear sum of the extinction of each wave guide mode. Each modal extinction
involves a sum over all incident modes that are scattered into the extinguished mode and is
expressed in terms of the object’s plane wave scatter function in the forward azimuth and equivalent
plane wave amplitudes of the modes. The only assumptions are that multiple scattering between the
object and wave guide boundaries is negligible, and the object lies within a constant sound speed
layer. Modal extinction cross sections of an object for the extinction of the individual modes of a
wave guide are then defined. Calculations for a shallow water wave guide show that, after correcting
for absorption loss in the medium, the modal cross section of an object for mode 1 in a typical ocean
wave guide is very nearly equal to its free space cross section. This new extinction theorem may be
applied to estimate the cross section of an object submerged in a wave guide from a measurement
of its forward scattered field. ©2001 Acoustical Society of America.@DOI: 10.1121/1.1405522#

PACS numbers: 43.30.Ft, 43.30.Bp, 43.30.Gr@DLB#
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I. INTRODUCTION

If an object is placed in the path of an incident wav
some of the intercepted power is scattered in all direction
the remainder is absorbed. The total power removed from
incident field as a result of scattering and absorption by
object is called extinction.1 Van de Hulst has shown, in wha
has become known alternatively as theextinction theorem,
optical theorem, and forward scatter theorem, that the ex-
tinction can be derived from the scattered far field in t
forward direction. Specifically, the total extinction of a pla
wave incident on an object in free space equals the imagin
part of the forward scatter amplitude multiplied by the in
dent intensity and 4p/k2 where k is the wave number.2–4

This remarkably simple relationship reflects the fact that
extinction caused by the obstacle leads to shadow forma
via destructive interference between the incident and forw
scattered fields. The permanence of the extinction is m
tained by the formation of a region of destructive interfe
ence that survives as an activeshadow remnant3 in perpetu-
ity beyond the deep shadow.

The total power scattered by an object can be found
integrating the scattered intensity over a large control surf
enclosing the object in the far field. This integration is us
ally difficult to perform and makes an alternative approa
attractive. For nonabsorbing objects, the total power s
tered by the object is the extinction.5,6 One great advantag
of the extinction theorem is that it eliminates the need
integrate the scattered energy flux around the object.

The extinction theorem is typically applied in acousti
to measure theextinction cross section of objects.7 This
equals twice the object’s projected area in the high freque
limit, and so provides a useful method for estimating an
ject’s size. The extinction theorem has many diverse ap
2924 J. Acoust. Soc. Am. 110 (6), December 2001 0001-4966/2001/1
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cations in acoustics, such as those given in Refs. 8 and
can also be used as a ‘‘burglar alarm’’ to detect and clas
intruding objects that pass between a source and an aco
receiver array.

In 1985 Guo10 extended the extinction theorem to sca
tering by an object located next to an interface between
distinct acoustic half spaces. He found an expression for
extinction of an incident plane wave in terms of the far-fie
scattered pressures in the specular reflection and trans
sion directions, determined by Snell’s law. In a wave guid
the effect of multimodal propagation ensures that the fi
incident on the object will arrive from many distinct direc
tions. This, combined with the effect of absorption loss in t
waveguide, will modify the extinction and scattering cro
sections from their free space values. The free space ex
tion theorem and the half-space extension of Guo are th
fore not applicable in a wave guide.

Here we use wave theory to derive a generalized ext
tion theorem by developing a relation for the rate at wh
energy is extinguished from the incident wave of a far fie
point sourceby an object of arbitrary size and shape in
stratified medium. Like its free space analogue, the relation
again remarkably simple. The total extinction is shown to
a linear sum of the extinction of each wave guide mo
Each modal extinction involves a sum over all incide
modes that are scattered into the given mode and is
pressed in terms of the object’s plane wave scatter func
in the forward azimuth and equivalent modal plane wa
amplitudes. For the multiple incident plane waves in a wa
guide, extinction is a function of not only the forward scatt
amplitude for each of the incident plane waves but also
pends on the scatter function amplitudes coupling each i
dent plane wave to all other plane waves with distinct dir
10(6)/2924/22/$18.00 © 2001 Acoustical Society of America
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tions that make up the incident field. The final relati
greatly facilitates extinction calculations by eliminating t
need to integrate energy flux about the object.

Our derivation begins with the time-harmonic scatter
field from an object in a wave guide that is derived direc
from Green’s theorem.11,12The only simplifying assumptions
are that multiple scattering between the object and w
guide boundaries is negligible and that the object lies wit
a constant sound speed layer. The simplicity of the resul
extinction relation in the wave guide follows from the fa
that the full extinction is maintained in the region of acti
interference and that this region extends into the far fi
where separation of variables can be invoked. Energy flu
necessary for the derivation can then be calculated in the
field in terms of wave guide modes and the object’s pla
wave scattering function.12,13

The extinction cross section of an object is defined
the ratio of its extinction to the rate at which energy is in
dent on unit cross sectional area of the object.1 The extinc-
tion cross section reduces to the scattering cross sectio
nonabsorbing objects, and is useful in actively classify
targets since, as the ratio of the total extinction to the in
dent intensity, it depends only upon scattering properties
the target. This definition, however, is ambiguous in a wa
guide because both the incident and scattered fields are
prised by superpositions of plane waves. Here scattering
propagation effects are not generally separable since the
convolved together in the extinction. Additionally, the inc
dent intensity is not spatially constant. In spite of these d
ficulties, we find it convenient to interpret the extinctio
cross sectionfor an object in a wave guideas the ratio of the
extinction to the incident energy flux per unit area in t
radial direction at the object’s centroid. This definition
sensible when the object is in a constant sound speed l
and in the far field of the source.

Calculations for a shallow water wave guide, whi
have great relevance to active detection problems in oc
acoustics, show that an object’s cross section for the c
bined extinction of all the modes of the wave guide is high
dependent on measurement geometry, medium stratifica
as well as its scattering properties. In addition, the combi
cross section fluctuates rapidly with range due to cohe
interference between the modes. The presence of absor
in the medium can also significantly modify a measurem
of the total scattering cross section. The practical implicat
of these findings is that experimental measurements of
total scattering cross section of an obstacle in a wave g
may differ greatly from those obtained for the same obsta
in free space and may lead to errors in target classificatio
the wave guide effects are not properly taken into accou

For an object submerged in a wave guide, we also de
modal cross sections of the object for the extinction of
individual modes of the wave guide. The modal cross sec
of an object for the extinction of mode 1 in a typical oce
wave guide was found to be nearly equal to the free sp
cross section of the object. A potential application of t
extinction theorem in a wave guide is then the estimation
the size of an object submerged in the wave guide from
measurement of the extinction it causes to mode 1. The g
J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001 P. Ra
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eralized extinction theorem can also be used to determine
attenuation due to volume and surface scattering of gui
waves propagating through stratified media such as the o
or the earth’s crust.

II. THE GENERALIZED EXTINCTION THEOREM

In this section, we derive the extinction in the incide
field of a far field point source due to an obstacle of arbitra
size and shape in a stratified medium. The general
proaches for calculating extinction are discussed in Appen
A. Here, we adopt the intuitive approach of Van de Hulst1,2,4

which involves integrating the energy flux, or intensity, ov
a screen placed a distance away from the object sufficie
large to register Fraunhofer diffraction, Eq.~A11!. In the
absence of the object, the total energy flux across the sc
is maximal. In the presence of the object, the total ene
flux across the screen is diminished by the shadow remn
For a sufficiently large screen, the difference between th
fluxes is the total extinction.

We focus on the Van de Hulst screen method for cal
lating extinction because it is of more practical use since
represents the type of measurement that can be made w
standard 2D planar or billboard array. This is discussed
ther in Sec. V. The other approach for calculating extinct
using a control surface that encloses the object in a strat
wave guide is discussed in Appendix D. A control volum
measurement would be very difficult to implement since
would require an array that completely encloses the obje

The origin of the coordinate system is placed at the
ject centroid withz axis vertically downward, andx axis
parallel to the boundaries as shown in Fig. 1. The coordina
of the source are defined byr05(2x0,0,z0). The screen is
positioned in forward azimuth on they–z plane at a hori-
zontal rangex from the object center. The width of the scree
is L along they direction and is semi-infinite in thez direc-
tion with an edge at the surface of the wave guide. Ler
5(x,y,z) be the coordinates of a point on the screen. Spa
cylindrical (r,u,z) and spherical systems (r ,u,f) are de-

FIG. 1. The geometry of the problem showing an object in a stratifi
medium composed of a water column of thicknessH overlying a bottom.
The origin of the coordinate system is at the center of the object and
source is located at (2x0,0,z0). The screen is normal to thex axis with
width L and is semi-infinite in thez-direction penetrating into the bottom
with an edge at the top of the water column.
2925tilal and N. C. Makris: Extinction theorem for object scattering
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fined by x5r sinu cosf, y5r sinu sinf, z5r cosu and r
5x21y2. The horizontal and vertical wave number comp
nents for thenth mode are, respectively,jn5k sinan and
gn5k cosan wherek25jn

21gn
2 and the wave number mag

nitudek equals the angular frequencyv divided by the sound
speedc in the object layer. As discussed in Appendix A
measure the full extinction in the wave guide, we requireL
.Alx, wherex is the horizontal range of the screen fro
the object.

Assuming that the object is far from the source and
screen so that the range from the screen to the sourc
large, the incident field at locationr on the screen for a
source atr0 , can be expressed as a sum of normal mode

F i~r ur0!5
i

d~z0!A8p
e2 ip/4 (

l 51

`

ul~z!ul~z0!
ei j lur2r0u

Aj l ur2r0u
,

~1!

whereul(z) andj l are thel th modal amplitude and horizon
tal wave number, respectively, andd(z) is the density at
depthz.

Using the formulation of Refs. 11 and 12 based
Green’s theorem, the scattered field from the object at
ceiver r for a source atr0 is

Fs~r ur0!5 (
m51

`

(
n51

`
4p

k

3@Am~r !An~r0!S~p2am ,f;an ,f01p!

2Bm~r !An~r0!S~am ,f;an ,f01p!

2Am~r !Bn~r0!S~p2am ,f;p2an ,f01p!

1Bm~r !Bn~r0!S~am ,f;p2an ,f01p!#, ~2!

where

Am~r !5
i

d~0!
~8pjmr!21/2um~z!Nm

2ei ~jmr1gmD2p/4!,

Bm~r !5
i

d~0!
~8pjmr!21/2um~z!Nm

1ei ~jmr2gmD2p/4!,

~3!
n
oi
ac
re

an
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An~r0!5
i

d~z0!
~8pjnr0!21/2un~z0!Nn

2ei ~jnr01gnD2p/4!,

Bn~r0!5
i

d~z0!
~8pjnr0!21/2un~z0!Nn

1ei ~jnr02gnD2p/4!

are the down and up going plane waves in the layer of
object,D is the depth of the object center from the sea s
face andS(u,f;u i ,f i) is the object’s plane wave scatte
function. The definition of the plane wave scatter functi
here follows that defined in Ref. 12 where the incident pla
wave on the object is described in terms of the direction
goes to, so that for forward scatter in free space,u5u i , f
5f i . The mode functions are normalized according to

dnm5E
2D

` um~z!un* ~z!

d~z!
dz, ~4!

and are decomposable into up- and down-going plane wa
in the layer of the object via

um~z!5Nn
2eign~z1D !2Nn

1e2 ign~z1D !. ~5!

Nn
2 and Nn

1 are the amplitudes of the down- and up-goi
plane waves in this layer.

A number of assumptions have to be satisfied for
above formulation for the scattered field to be valid as no
in Ref. 12. In particular, multiple scattering between the o
ject and wave guide boundaries is negligible, the object
within a layer of constant sound speed, and the range f
the object to source or receiver must be large enough tha
scattered field can be approximated as a linear function of
object’s plane wave scatter function. The last condition d
not limit the generality of the final extinction expressio
since the full extinction can be registered on sufficien
large screens in the object’s far field, but instead simplifi
its derivation.

To calculate the extinction using the general formula
Eq. ~A11!, we first evaluate the integrand for the pointr on
the screen. The first term in the integrand of Eq.~A11! using
Eqs.~A2!, ~1!, ~2!, and~3! is
V i* Fs5
i

d~z!d~z0!d~0!2vk (
l 51

`

(
m51

`

(
n51

`

ul* ~z0!um~z!F ]

]z
ul* ~z!iz2 i j l* ul* ~z!ixGe2 iR$j l %A~x01x!21y2

Aj l* ~x01x!

eiR$jm%Ax21y2

Ajmx

3@Nm
2eiR$gm%DAn~r0!S~p2am ,f;an,0!2Nm

1e2 iR$gm%DAn~r0!S~am ,f;an,0!

2Nm
2eiR$gm%DBn~r0!S~p2am ,f;p2an,0!1Nm

1e2 iR$gm%DBn~r0!S~am ,f;p2an,0!#

3e2I$j l %~x01x!e2I$jm%xe2I$gm%D. ~6!
e
full

.
-

In the above expression, the terms representing absorptio
the wave guide have been factored out explicitly to av
confusion when conjugating the fields and also to keep tr
of absorption losses due to the wave guide. The exact exp
sions for ur2r0u5A(x1x0)21y2 and uru5Ax21y2 were
kept in the terms that determine the phase of the integr
by
d
k
s-

d

while the approximationsur2r0u'(x1x0) anduru'x were
used in the spreading and absorption loss factors, sincx,
x0@y can be satisfied for a screen that measures the
extinction.

Next we integrate Eq.~6! over the area of the screen
With the screen lying parallel to they–z plane, an area ele
P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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ment of the screen isdS5 ix dy dz. We use the orthorgonality relation in Eq.~4! between the modesul* (z) and um(z) to
integrate Eq.~6! over the semi-infinite depth of the screen in the wave guide. This reduces the triple sum over the m
a double sum:

E E
Sc

V i* Fs•dS5E
2L/2

L/2 E
2D

`

V i* Fs• ix dz dy

5
1

d~z0!d~0!2vk (
m51

`

(
n51

` jm*

ujmuAx~x01x!
um* ~z0!

3H E
2L/2

L/2

@Nm
2eiR$gm%DAn~r0!S~p2am ,f;an,0!2Nm

1e2 iR$gm%DAn~r0!S~am ,f;an,0!

2Nm
2eiR$gm%DBn~r0!S~p2am ,f;p2an,0!1Nm

1e2 iR$gm%DBn~r0!S~am ,f;p2an,0!#

3eiR$jm%~Ax21y22A~x01x!21y2!dyJ e2I$jm%~x012x!e2I$gm%D. ~7!

In the above expression, the scatter function is dependent ony via the azimuth anglef5tan21(y/x). As discussed in Appendix
A, the angular width of the active area on the screen in azimuth is of the order ofAl/x. We can therefore approximate th
scatter function with its value atf50 and factor it from the integral above sincex is large. We also expand the expone
involving the variabley according to

A~x01x!21y2'x01x1
y2

2~x01x!
, ~8!

Ax21y2'x1
y2

2x
. ~9!

Applying the result of the following asymptotic integration over the width of the screen,

E
2L/2

L/2

S~p2am ,f;an,0!eiR$jm%~Ax21y22A~x01x!21y2!dy5e2 iR$jm%x0S~p2am,0;an,0!eip/4A2px~x01x!

R$jm%x0
, ~10!

to Eq. ~7!, the integration of the first term in Eq.~A11! over the area of the screen in the wave guide becomes

E E
Sc

V i* Fs•dS5
i

d2~z0!d~0!4vk

1

x0
(

m51

`

(
n51

` jm*

ujmuAR$jm%jn

um* ~z0!un~z0!eiR$jn2jm%x0

3@Nm
2Nn

2eiR$gm1gn%DS~p2am,0;an,0!2Nm
1Nn

2eiR$2gm1gn%DS~am,0;an,0!

2Nm
2Nn

1eiR$gm2gn%DS~p2am,0;p2an,0!1Nm
1Nn

1eiR$2gm2gn%DS~am,0;p2an,0!#

3e2I$jm1jn%x0e2I$2jm%xe2I$gm1gn%D. ~11!

Similarly, we can evaluate the second term in Eq.~A11! which gives

E E
Sc

Vs* F i•dS52
i

d2~z0!d~0!4vk

1

x0
(

m51

`

(
n51

` jm*

ujmuAR$jm%jn*
um~z0!un* ~z0!e2 iR$jn2jm%x0

3@Nm
2* Nn

2* e2 iR$gm1gn%DS* ~p2am,0;an,0!2Nm
1* Nn

2* e2 iR$2gm1gn%DS* ~am,0;an,0!

2Nm
2* Nn

1* e2 iR$gm2gn%DS* ~p2am,0;p2an,0!1Nm
1* Nn

1* e2 iR$2gm2gn%DS* ~am,0;p2an,0!#

3e2I$jm1jn%x0e2I$2jm%xe2I$gm1gn%D. ~12!

When we sum Eqs.~11! and~12!, taking only the negative of the real part of the sum following Eq.~A11!, we obtain the
range dependent extinctionE(xur0) of the incident field in a wave guide due to an object at the origin measured by a s
at distancex from the object with source atr0 ,
2927J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001 P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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E~xur0!5
1

d2~z0!d~0!2vk

1

x0
(

m51

`

(
n51

` AR$jm%

ujmu
IH 1

Ajn

um* ~z0!un~z0!eiR$jn2jm%x0

3@Nm
2Nn

2eiR$gm1gn%DS~p2am,0;an,0!2Nm
1Nn

2eiR$2gm1gn%DS~am,0;an,0!

2Nm
2Nn

1eiR$gm2gn%DS~p2am,0;p2an,0!1Nm
1Nn

1eiR$2gm2gn%DS~am,0;p2an,0!#J
3e2I$jm1jn%x0e2I$2jm%xe2I$gm1gn%D. ~13!

From Eq.~13!, we see that the total extinction is a linear sum of the extinction of each wave guide mode. The extinc
modem involves a sum over all incident modesn that are scattered into that extinguished mode and is expressed in ter
the object’s plane wave scatter function in the forward azimuth and equivalent plane wave amplitudes of the mod
extinction decreases with source-object rangex0 in a wave guide due to geometrical spreading, and with source-objec
object-receiver ranges,x0 andx, due to absorption loss in the medium.

A. Effect of multiple incident plane waves

To understand the implications of Eq.~13!, we consider several cases and examine the resulting expression fo
extinction in each case.

1. Single mode excited by source

First we consider a source that excites only a single modep. The incident field on the object and at the screen
determined by this single modep. The triple sum in Eq.~6! reduces to a single sum overm in this case since bothl andn can
only take on the integer valuep. The orthogonality relation between the modesul* (z) andum(z) eliminates the sum overm
leaving just a single term wherem5p in Eq. ~7!. Consequently, the expression for the extinction will have only one t
corresponding tom5n5p, the mode excited by the source,

E~xur0!5
1

d2~z0!d~0!2vk

1

x0

AR$jp%

ujpu
uup~z0!u2IH 1

Ajp

@~Np
2!2eiR$2gp%DS~p2ap,0;ap,0!2Np

1Np
2S~ap,0;ap,0!

2Np
2Np

1S~p2ap,0;p2ap,0!1~Np
1!2eiR$22gp%DS~ap,0;p2ap,0!#J e2I$2jp%~x01x!e2I$2gp%D. ~14!
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Even though the scattered field from the object is compo
of multiple modesm, only one of these can interfere destru
tively with the single incident modep on the screen and it is
precisely the scattered mode that has the same elev
angle as the incident mode.

Mode p is made up of an up-going and a down-goi
plane wave. Two of the four terms in Eq.~14! arise from the
forward scatter of the up- and down-going plane waves
modep, while the remaining two terms arise from the scat
of the incident down-going plane wave of modep to an
upgoing plane wave of the same mode and vice versa.
shows that when we have multiple plane waves incident
the object, the extinction will depend on not only the scat
function in the forward direction but also depend on the sc
ter function amplitudes coupling each incident plane wave
all other plane waves with distinct directions that make
the incident field.

2. Many modes excited by source

For a general harmonic source that excites many mo
the incident field on the screen is a sum of the contribut
from various excited modes. Each of these incident mo
on the screen will only interfere destructively in the forwa
azimuth with the corresponding scattered mode from the
2928 J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001
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ject with the same elevation angle. The scattering proc
causes the various incoming incident modes at the objec
be coupled to each outgoing scattered mode through the
ter function and this leads to adouble sumin the expression
for the extinction in Eq.~13!.

3. Large object-receiver range, x

Next we consider the scenario where the screen is pla
at a sufficiently large distance from the object that only t
first mode survives for both the incident field on the scre
from the source and the scattered field from the object,
l 5m51 in Eq. ~6!. The field incident on the object is stil
comprised by a sum over the modesn excited by the source
since the range of the source from the object is not too la
The expression for the extinction in Eq.~13! then reduces to
a single sum over the incident modesn on the object that are
scattered into the outgoing modem51 that survives at the
screen.

4. Large source to object range, x 0

If the source is placed at large distances away from
object, the field incident on the object and on the screen
be determined by the single model 5n51 that survives
while the rest of the modes are stripped due to absorptio
the wave guide. The extinction in this case has a single t
P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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in Eq. ~13! corresponding tom5n51, the mode that sur
vives at the screen. The expression for the extinction is gi
by Eq. ~14! with p51.

These examples illustrate the fact that it is really t
interference between the incident field and the scattered
on the screen that determines the extinction. Only scatte
field directions that have a fixed phase relationship with
incident field will contribute to the extinction. In the litera
ture, extinction is often stated to be directly proportional
the forward scatter amplitude of a plane wave in free spa
For multiple incident plane waves, however, the extinction
not simply a function of the forward scatter amplitude f
each incident plane wave but also depends on the sc
function amplitudes coupling each incident plane wave to
other plane waves with distinct directions that make up
incident field. Guo’s10 result for the extinction of a plane
wave by an object placed near an interface between two
dia can also be interpreted in this way.

B. Effect of absorption by the medium

The extinction of the incident field due to an object
the far field of a point source in free space with absorption
the medium is derived in Appendix C. Comparing the e
pression for extinction in a wave guide, Eq.~13!, with that in
free space, Eq.~C14! in Appendix C, we see that absorptio
in the medium lowers the extinction that we would otherw
measure in a lossless medium. In free space, the term du
absorption by the medium is separable from the propertie
the object in the formula for the extinction. These term
however, are in general, convolved in a wave guide w
multimodal propagation. The convolution arises because
absorption loss suffered by each mode varies from mod
mode. Furthermore, the modes have varying elevation an
and they are thus scattered differently by the object depe
ing on the elevation angle of the mode. In the wave gui
the absorption loss term can be separated from the term
to the object only if a single mode is incident on the object
seen from Eq.~14!, which is the extinction caused by
single mode. One way this arises naturally in a wave guid
when the source to object separation is large enough
only mode 1 survives in the incident field on the object.

III. TOTAL SCATTERED POWER IN THE WAVE GUIDE

The total power scattered by an object in a wave gu
can be obtained by integrating the scattered field inten
Vs* Fs around a closed control surface enclosing the obj
as described in Eq.~A8!. We let the control surface be
semi-infinite cylinder of radiusR with a cap at the sea sur
face wherez52D. The axis of the cylinder is parallel to th
z axis and passes through the object centroid.

The sea surface is a pressure-release surface wher
total field vanishes. Since the incident field in the absenc
the object is zero at the sea surface, the scattered field h
vanish as well. The scattered energy flux through the ca
the cylinder atz52D is zero. We need only integrate th
scattered intensity over the curved surface of the cylinde
obtain the total scattered power.
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From Eq.~2!, we see that the scattered field is express
as a sum of four terms. The scattered intensity at the sur
of the cylinder can therefore be expressed as a sum o
terms, the first of which is

~Vs* Fs!15
i2p

d~z!d2~0!vk2 (
m51

`

(
n51

`

(
p51

`

(
q51

`

up~z!

3F ]

]z
um* ~z!iz2 i jm* um* ~z!irG eiR$jp2jm%R

Ajm* jpR

3Nm
2* Np

2eiR$gp2gm%DAn* ~r0!Aq~r0!

3S* ~p2am ,f;an,0!S~p2ap ,f;aq,0!

3e2I$jm1jp%Re2I$gm1gp%D. ~15!

An area element on the curved surface of the cylinder
given by dS5 irR df dz. Making use of Eq.~4!, the or-
thogonality relation between the modes, we integrate
~15! over the semi-infinite depth of the cylinder and the r
sulting expression is

E E ~Vs* Fs!1•dS

5E
0

2pE
2D

`

~Vs* Fs!1• ir dz df

5
2p

d2~0!vk2 (
m51

`

(
n51

`

(
q51

` jm*

ujmu
uNm

2u2An* ~r0!Aq~r0!

3E
0

2p

S* ~p2am ,f;an,0!S~p2am ,f;aq,0!df

3e22I$jm%Re22I$gm%D. ~16!

The above integral cannot be further evaluated with
specifying the scatter function of the object. In general
total scattered power in the wave guide is a complex exp
sion with a triple sum of 16 integrals. The real part of E
~16! gives the triple sum of just the first integral.

If there is no absorption by the object, the extinctio
caused by the object is due entirely to scattering. If the ob
is in a perfectly reflecting wave guide or a wave guide w
small absorption loss, the total scattered power is the ext
tion. In that case, the complicated expression with triple s
of 16 integrals discussed above reduces to the simple exp
sion of a double sum and no integral of Eq.~13!. In a lossy
wave guide, if we measure the extinction around a sm
control surface enclosing the object, the absorption loss
side the control volume is small and the above holds as w
Therefore, the extinction formula eliminates the need to
tegrate the scattered energy flux about the object in a w
guide when determining the scattered power.

IV. COMBINED AND MODAL EXTINCTION CROSS
SECTIONS

The ratiosT between the rate of dissipation of energ
and the rate at which energy is incident on unit cross s
tional area of an obstacle is called the extinction cross s
2929tilal and N. C. Makris: Extinction theorem for object scattering
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tion of the obstacle.1 In the wave guide, the intensity of th
incident field on the object at the origin from a source atr0 is
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3
eiR$jq2jp%x0

Ajp* jq

e2I$jp1jq%x0J . ~17!

In our derivation, the screen is positioned normal to thex
axis and it measures the extinction of the energy flux pro
gating in thex direction. We therefore normalize this extinc
tion by the component of the incident intensity in thex di-
rection to obtain the extinction cross sectionsT of the object
in the wave guide,
be the
which are

of
sT~xur0!5
E~xur0!

I i~0ur0!• ix
5S 4p

k (
m51

`

(
n51

` AR$jm%

ujmu
IH 1

Ajn

um* ~z0!un~z0!eiR$jn2jm%x0@Nm
2Nn

2eiR$gm1gn%DS~p2am,0;an,0!

2Nm
1Nn

2eiR$2gm1gn%DS~am,0;an,0!2Nm
2Nn

1eiR$gm2gn%DS~p2am,0;p2an,0!

1Nm
1Nn

1eiR$2gm2gn%DS~am,0;p2an,0!#J e2I$jm1jn%x0e2I$2jm%xe2I$gm1gn%DD
3S (

p

`

(
q

`

R$up* ~z0!up* ~0!uq~z0!uq~0!Ajp* /jqeiR$jq2jp%x0e2I$jp1jq%x0% D 21

. ~18!

Equation~18! is due to the combined extinction of all the modes of the wave guide by the object and we define it to
combined extinction cross section. This combined cross section of an object depends on the properties of the object
convolved with the properties of the wave guide, as well as the source and object locations.

For a source that excites only a single modep, the incident intensity on the object in thex direction is

I i~0ur0!p5
i

d2~z0!d~0!8pvx0
uup~z0!u2uup~0!u2

R$jp* %

ujpu
e2I$2jp%x0. ~19!

Dividing the extinction of modep by the object in Eq.~14! with the intensity of the incident field composed solely
modep in Eq. ~19!, we obtain the cross section of the object for the extinction of modep,

sp~x!5
4p

k

1

AR$jp%

1

uup~0!u2
IH 1

Ajp

@~Np
2!2eiR$2gp%DS~p2ap,0;ap,0!2Np

1Np
2S~ap,0;ap,0!

2Np
2Np

1S~p2ap,0;p2ap,0!1~Np
1!2eiR$22gm%DS~ap,0;p2ap,0!#J e2I$2jp%xe2I$2gp%D. ~20!
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We define Eq.~20! as the modal cross section of the obje
for the extinction of the individual modes of the wave guid
Analogous to plane waves in free space, the modes in a w
guide are the entity that propagate in the wave guide
determine the energy of the acoustic field in the wave gu
It therefore becomes meaningful to quantify the extinct
caused by an object of the individual modes of the wa
guide and subsequently the cross section of the objec
perceived by the individual modes of the wave guide.

V. ESTIMATION OF OBJECT SIZE FROM EXTINCTION
THEOREM IN AN OCEAN WAVE GUIDE

The extinction formula can be used to estimate the s
of an object by measuring the extinction it causes in an
cident beam. For instance, in astronomy, the size of a m
orite is estimated from the extinction it causes in the lig
reaching a telescope when the meteorite is in interste
t
.
ve
d

e.

e
as

e
-
e-
t
ar

space between a star and the telescope, so long as the
scope is large enough to measure the entire sha
remnant.4

For an object that is large compared to the waveleng
its extinction cross section in free space, according to Ba
net’s principle, is equal to twice its geometrical project
area.4 If we let Tp be the projected area of the object in th
direction of an incident plane wave in free space, we obt

4p

k2 I$Sf%52Tp . ~21!

The size of the object is therefore directly related to the f
space forward scatter function of the object for objects t
are large compared to the wavelength. The forward sca
function can be determined from a measurement of the
tinction caused by the object.
P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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Extinction measurements usually involve integrating
intensity of the incident and total fields over a sufficien
large screen that registers the full extinction caused by
object. We measure the incident power on the screen in
absence of the object and the total power in the presenc
the object. The difference between these two energy flu
on the screen is the extinction.

An intensity measurement at a single point in space
the forward scatter direction is typically inadequate. This c
be seen from Eq.~C3! for free space, and Eq.~6! in the wave
guide, where the interference intensityV i* Fs at a point de-
pends very sensitively on the source and receiver posit
which cause rapid fluctuation in the phase term. To de
mine the forward scatter function from a single receiver
the forward direction then requires extremely accur
knowledge of the source, object and receiver locations
practical measurements, it may also be difficult to precis
locate the point sensor in the forward direction. This is es
cially true for large objects as they have very narrow forwa
scatter function peaks. Equation~C14! for the extinction in
free space on the other hand has no phase dependenc
volving the source or screen position. Extinction measu
ment over a screen is therefore a more robust method
estimating the forward scatter amplitude and hence the
of an object. For measurements in a shallow water w
guide, the screen over which the intensity is integrated
be either a sufficiently large planar array, or a billboard ar
whose spacing between the sensor elements satisfies th
quist criterion for sampling the field in space.

In a wave guide, the extinction caused by an object,
~13!, depends not only upon the properties of the obj
through the scatter function, but also the properties of
wave guide and the measurement geometry. They are
general, convolved in the expression for the extinction a
are separable only when the incident field is composed
single mode as evident in Eq.~14!. This suggests a possibl
scenario for extinction measurements in a wave guide to
tract the scatter function’s forward amplitude and sub
quently to estimate the size of an object.

For large source to object separationx0 , the mode that
survives in the incident field is mode 1. Mode 1 of any wa
guide propagates almost horizontally and we can appr
mate its elevation angle asa1'p/2. In this case, the fou
scatter function amplitudes in Eq.~14! can be approximated
as S(p/2,0,p/2,0) and factored out of the equation for th
extinction. Using the fact that for mode 1,R$j1%@I$j1% we
rewrite the extinction for mode 1 as

E~xur0!5
1

d2~z0!d~0!2vk

1

x0

1

R$j1%
uu1~z0!u2

3I$S~p/2,0;p/2,0!@~N1
2!2eiR$2g1%D

22N1
1N1

21~N1
1!2eiR$22g1%D#%

3e2I$2j1%~x01x!e2I$2g1%D. ~22!

In a Pekeris wave guide,14,15 with

N1
15N1

2'
1

i
Ad~0!

2H
, ~23!
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using Eq.~5!, we see that

uu1~0!u25@~N1
2!2eiR$2g1%D22N1

1N1
2

1~N1
1!2eiR$22g1%D#e2I$2g1%D. ~24!

The extinction formula for mode 1 therefore leads to

E~xur0!5
1

d2~z0!d~0!2vk

1

x0

1

R$j1%
uu1~z0!u2uu1~0!u2

3I$S~p/2,0;p/2,0!%e2I$2j1%~x01x!. ~25!

Equation~20! for the modal cross section of the object f
mode 1 in the Pekeris wave guide, simplifies to

s1~x!5
4p

k

1

R$j1%
I$S~p/2,0;p/2,0!%e22I$j1%x. ~26!

Since mode 1 propagates close to the horizontal,R$j1%
'k. The cross section of an object for the extinction
mode 1 in a Pekeris wave guide, Eq.~26!, is almost identical
to the cross section of the object for the extinction of pla
waves in free space, Eq.~C16!.

In Eqs. ~25! and ~26! the properties of the target ar
separated from the wave guide and geometric paramete
we can measure the extinction of mode 1 caused by the
ject in the wave guide, we can estimate the free space
ward scatter amplitude of the object and subsequently,
size of the object. A knowledge of the wave guide properti
and location of source, object and screen is necessar
correct for the spreading and absorption loss in the w
guide, as well as the amplitude of mode 1 at the source
object depths. Experimentally, we can estimate the sourc
object rangex0 from the arrival of the back scattered fie
from the object using a sensor that is co-located with
source.

As discussed in Eq.~21!, the object size is related to th
forward scatter function amplitude. The extinction of th
higher order modes of the wave guide, apart from mode
depend on the scatter function amplitude in other directi
in addition to the forward. It is therefore much more difficu
to extract information about the size of the object fro
modes higher than mode 1 unless the object is compac
will be discussed in Sec.~VI E!. For objects that are buried in
sediments that are faster than water, mode 1 excited b
source in the water column does not penetrate into the
tom due to total internal reflection. The above method w
therefore not be useful in estimating the size of objects b
ied in fast bottoms.

VI. ILLUSTRATIVE EXAMPLES

In all the illustrative examples, a water column of 100
depth is used to simulate a typical continental shelf envir
ment. The sound speed structure of the water column is
velocity with constant sound speed of 1500 m/s, density o
g/cm3 and attenuation of 6.031025 dB/l. The seabed is ei-
ther perfectly reflecting or comprised of sand or silt h
spaces. The density, sound speed and attenuation are tak
be 1.9 g/cm3, 1700 m/s, and 0.8 dB/l for sand, 1.4 g/cm3,
1520 m/s, and 0.3 dB/l for silt. Calculations are made of th
combined and modal extinction, incident intensity on the o
2931tilal and N. C. Makris: Extinction theorem for object scattering
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FIG. 2. ~a! The combined extinction
Eq. ~13! of all the modes, caused by
pressure release sphere of radius 10
centered at 50 m depth, in a Peker
wave guide composed of 100 m wate
with either sand or silt half space is
plotted as a function ofx0 , its range
from a point source of frequency 300
Hz also placed at the same depth in th
wave guide. The separation of th
screen from the object is the same a
that of the source from the object a
each source to object range,x5x0 . ~b!
The incident intensity on the spher
Eq. ~17!. ~c! The combined cross sec
tion of the sphere Eq.~18!. Both the
coherent and incoherent approxima
tion of the quantities are plotted in
each subfigure.
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ject, and, the combined and modal cross sections in var
wave guides for different objects as a function of sour
object and screen locations. The object size and frequen
also varied. Except for Sec. VI E, the frequency used in
other examples is 300 Hz.

A. Combined extinction cross section in different
wave guides

First, we examine how the combined extinction of
the modes, caused by a pressure-release sphere of radi
m, in a Pekeris wave guide with either sand or silt botto
half space varies as a function of source to object range
source frequency of 300 Hz. The source and sphere cen
are located atD550 m in the middle of the water column
The combined extinction measured by the screen Eq.~13!,
the incident intensity on per unit area of the sphere Eq.~17!,
and the combined cross section of the sphere Eq.~18! in the
wave guides are plotted as a function of source to ob
separationx0 in Figs. 2~a!–~c!, respectively. At eachx0 , the
separation of the screen from the object is the same as th
the source from the object, i.e.,x5x0 The combined extinc-
tion is calculated using Eq.~13! with the scatter function for
the sphere given by Eqs.~8! and ~9! of Ref. 13 with f (n)
replaced by (21)nf (n) to convert from Ingenito’s definition
to the standard one described in Ref. 12.

The combined extinction and incident intensity fluctua
with range due to the coherent interference between
modes. The resulting combined cross section of the sp
also fluctuates with range. The incident intensity a
extinction are larger in the wave guide with sand bottom. T
fluctuations in the fields are also greater in the sand bot
wave guide as compared to the silt bottom wave guide.
difference arise primarily because the number of trap
2932 J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001
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modes is larger for the sand half space due to the hig
critical angle of 28.1° for the water to sand interface
compared with the 9.3° of water to silt leading to larg
fields and fluctuations in the wave guide with sand botto
For a screen placed at a fixed range from the object, i
the coherent extinction and cross section that we mea
experimentally. From Fig. 2~c!, we see that the coheren
combined cross section of the object varies rapidly w
range in the wave guide. Consequently, it is difficult
extract information about the size of the object from a m
surement of its combined extinction of all the wave gui
modes.

We find it useful to approximate the combined extin
tion measured by the screen and the incident intensity on
sphere as a single incoherent sum over the modes w
provides an average trend to the curves as a function
range. Taking the ratio of the incoherent combined extinct
and incident intensity, we obtain the incoherent combin
cross section. The combined extinction, incident intens
and combined cross section of the sphere calculated inco
ently, using Eqs~13!, ~17!, and~18!, respectively, by replac-
ing the double sum with a single sum over the modes
plotted in Figs. 2~a!–~c!. From the incoherent plots, we se
that the extinction and the incident intensity decay w
range due to geometrical spreading and absorption loss
real wave guide.

In a perfectly reflecting wave guide, there is no abso
tion in the wave guide. Consequently, an incoherent appr
mation for sT is independent of range as can be seen fr
Eq. ~18!. The decay in the extinction due to spreading loss
compensated by spreading loss in the flux incident on
object which keeps the cross section a constant. In this c
the extinction measured by the screen is due entirely to
P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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object. Figure 3 showssT , calculated incoherently, plotte
for a pressure-release sphere of radius 10 m in a perfe
reflecting wave guide as a function ofx0 . In this figurex
5x0 . The incoherent combined cross section of the objec
free space with no absorption and in the Pekeris wave g
examples considered so far are also plotted for compari
Figure 3 shows that this incoherent combined cross sec
for the extinction of all the wave guide modes differs sign
cantly from the free space cross section of the object. So,
difficult to obtain an estimate of the size of an object from
incoherent as well as a coherent measurement of its c
bined cross section.

FIG. 3. Incoherent combined cross section of a 10 m radius pressure re
sphere at 300 Hz source frequency in a Pekeris wave guide with sand
tom half space, Pekeris wave guide with silt bottom half space, perfe
reflecting wave guide, and free space as a function of source to object r
x0 . For this plot,x5x0 . In the wave guides, the source and sphere ce
are located at 50 m water depth. The incoherent combined cross sect
calculated using Eq.~18! by replacing the double sum over the modes w
a single sum.
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B. Modal cross section in different wave guides

In this section, we will investigate how the modal e
tinction cross section of the 10 m pressure release sp
varies for the individual modes in various wave guides
300 Hz. Figures 4~a! and ~b! show the amplitudes of the
modes at the source depth of 50 m in the Pekeris wave g
with sand and silt bottom, respectively. Only the propagat
modes are plotted because these are the modes that com
the incident field on the object in the far field. These are
mode amplitudes at the object depth because the targ
also at 50 m depth. The amplitude of the modes in the p
fectly reflecting wave guide are plotted in Fig. 4~c!. Only the
even number modes are excited by the source at 50 m d
and they have the same amplitude.

The extinction of each individual mode in the Peke
wave guide with sand bottom caused by the sphere and
culated using Eq.~14! are plotted in Figs. 5~a! and~b! at the
source to object range of 1 km and 25 km, respectively. T
screen is placed the same distance away from the objec
the source in each case. The modal extinctions in the Pek
wave guide with silt bottom at 1 km and 25 km are plotted
Figs. 5~c! and ~d!, respectively. Comparing Fig. 5 with Fig
4, we see a dependence of the extinction of each mode o
amplitude at the object depth, with the more energetic mo
being extinguished the most. The extinction of the mod
vary with range due to spreading and absorption loss
fered by the modes. Absorption loss suffered by each m
as a result of absorption in a real wave guide is more sev
for the high order modes due to their steeper elevat
angles. The higher order modes are gradually stripped w
increasing range and at sufficiently long ranges, the ext
tion caused by the object is very much limited to the extin

ase
ot-
ly
ge
r
is
e

.

FIG. 4. Modal amplitude at the sourc
and target depth of 50 m in~a! Pekeris
wave guide with sand half space,~b!
Pekeris wave guide with silt half
space, and ~c! perfectly reflecting
wave guide for a frequency of 300 Hz
2933tilal and N. C. Makris: Extinction theorem for object scattering
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FIG. 5. Extinction of the individual
modes Eq.~14! of the wave guide by
the 10 m radius pressure releas
sphere at 50 m water depth with th
source separated from the sphere
~a! 1 km range in a Pekeris sand ha
space wave guide,~b! 25 km range in
a Pekeris sand half space wave guid
~c! 1 km range in a Pekeris silt hal
space wave guide,~d! 25 km range in
a Pekeris silt half space wave guide
and ~e! 1 km range in a perfectly re-
flecting wave guide,~f! 25 km range in
a perfectly reflecting wave guide. Th
source depth is also 50 m and th
source frequency is 300 Hz. Th
screen measuring the extinction i
separated the same distance from t
object as the source in each case.
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tion of the first few propagating modes. For the perfec
reflecting wave guide in Figs. 5~e! and ~f! at 1 km and 25
km, respectively, there is no absorption loss, so the extinc
for each mode decays only with source to object rangex0 .
There is no mode stripping effect in a perfectly reflecti
wave guide and the relative magnitude of the extinct
across the modes remains the same, independent of ran

Figures 6~a!–~c! show the modal cross sections of th
sphere, calculated using Eq.~20!, for the extinction of the
individual modes in the Pekeris sand, silt and perfectly
flecting wave guides, respectively. We setx50 in Eq.~20! to
obtain the modal cross section of the object corrected
absorption in the wave guide. In each of the wave gui
illustrated in Fig. 6 we see that the modal cross section of
sphere for the extinction of mode 1 is very close to its cr
section for the extinction of a plane wave in free space.
the higher order modes, the modal cross section of the ob
can be much larger or smaller than its free space value
pending on the wave guide. We can calculate the forw
scatter function amplitude of the object from a measurem
2934 J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001
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of the extinction of mode 1 as discussed in Sec. V wh
allows us to estimate the size of the object.

C. Dependence of modal cross section on object
depth

The modal cross section of an object depends on
depth of the object in the wave guide. We investigate h
the modal cross section of the 10 m pressure release sp
varies when we lower its depth by half a wavelength dista
to 52.5 m in the Pekeris silt, sand, and perfectly reflect
wave guides. We also lower the source depth to 52.5 m
that all the modes in the perfectly reflecting wave guide
excited by the source. The source frequency is 300 Hz.

Figure 7 shows the incoherent combined cross sectio
the sphere in the three wave guides. In the perfectly refl
ing wave guide, the incoherent combined cross section of
sphere is now larger than its free space value. Figures 8~a!–
~c! show the modal amplitudes in the three wave guides
P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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FIG. 6. Modal cross section Eq.~20!
at 300 Hz of the 10 m radius pressur
release sphere at 50 m water depth f
the extinction of the individual modes
in a ~a! Pekeris sand half space wav
guide,~b! Pekeris silt half space wave
guide, and ~c! perfectly reflecting
wave guide. We setx50 in Eq.~20! to
remove the effect of absorption by th
wave guide. The modal cross sectio
of the sphere for mode 1 in each wav
guide is almost equal to its free spac
cross section.
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Figs. 9~a!–~c! show the modal cross sections, Eq.~20!. In the
perfectly reflecting wave guide Fig. 9~c!, all modes that exist
in the wave guide are scattered by the object to form
scattered field when it is at the shallower depth of 52.5
unlike in the previous example of Fig. 6 where it was at 50
depth and only the excited odd number modes were scatt
by the object. Comparing Fig. 9 with Fig. 6, we see that
modal cross section of most of the modes vary with obj
depth. For mode 1, however, in all the three wave guides,
modal cross section of the object remains close to its
space value.

D. Modal cross section for various object types

The cross section of the 10 m pressure release sphe
compared to that of a rigid or hard disk of radius 10 m in t

FIG. 7. Incoherent combined cross section of a 10 m radius pressure re
sphere at 300 Hz source frequency in a Pekeris wave guide with sand
tom half space, Pekeris wave guide with silt bottom half space, perfe
reflecting wave guide, and free space as a function of source to object r
x0 . For this plot,x5x0 . In the wave guides, the source and sphere ce
are located at 52.5 m water depth. The incoherent combined cross sect
calculated using Eq.~18! by replacing the double sum over the modes w
a single sum.
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wave guide. In free space, with the plane of the disk align
normal to the direction of propagation of the incident wav
it is well known that its plane wave extinction cross secti
is equal to twice its projected area, which is 628.3 m2 in this
example. The cross section of a sphere in free space dep
on the circumference of the sphere relative to the wavelen
of the incident waves, i.e.,ka52pa/l wherea is the radius
of the sphere. The dependence of the extinction cross sec
of a pressure release or hard sphere onka, in free space is
plotted in Ref. 16. For a large pressure release sphere,
ka, the extinction cross section is roughly twice the projec
area which is the same for both the sphere and the disk.
a compact pressure release sphere, smallka, the cross section
of the sphere begins to exceed twice its projected area.
the present example, at 300 Hz source frequency,ka512.6
and the extinction cross section of the sphere in free spac
736.7 m2.

The incoherent combined cross section of the 10 m h
disk in the three different wave guides is plotted in Fig. 1
In free space, the cross section of the sphere at 300
is only a little larger than that of the disk of the sam
radius. Comparing Figs. 3 and 10, we see that in the p
fectly reflecting wave guide, the incoherent combined cr
section of the sphere is much larger than that of the disk.
elevation angle of each mode of the wave guide increa
with the mode number. Since the disk is aligned with i
plane parallel to they–z plane, the projected area of th
disk perceived by each mode decreases as the elevation
of the mode increases. For the sphere, however, each m
sees the same projected area, regardless of the elev
angle of the mode. Therefore the combined extinction
the modes by the sphere is much larger than by the disk
the real wave guide, absorption by the wave guide alt
the amplitude of each mode with the higher order mod

ase
ot-
ly
ge
r

n is
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FIG. 8. Modal amplitude at the objec
depth of 52.5 m in~a! Pekeris wave
guide with sand half space,~b! Pekeris
wave guide with silt half space, and
~c! perfectly reflecting wave guide for
a frequency of 300 Hz.
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suffering greater absorption losses than the lower or
modes. The higher order modes are less important in de
mining the combined extinction in the real wave guide. Co
sequently, in a real wave guide, the incoherent combi
cross section of the sphere is only slightly larger than tha
the disk.

The modal cross section Eq.~20! of the disk for each
mode of the Pekeris sand, silt, and the perfectly reflec
2936 J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001
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wave guide is plotted in Figs. 11~a!–~c!, respectively. From
Fig. 11, we see once again that the modal cross sectio
the object for the extinction of mode 1 is almost equal
its free space cross section. In the present example, the c
section of the disk is equal to twice its projected area. T
example further illustrates that we can obtain a measure
the size of an object from the extinction of mode 1 in a wa
guide.
e
th

s
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ts
FIG. 9. Modal cross section Eq.~20!
at 300 Hz of the 10 m radius pressur
release sphere at 52.5 m water dep
for the extinction of the individual
modes in a~a! Pekeris sand half space
wave guide,~b! Pekeris silt half space
wave guide, and~c! perfectly reflect-
ing wave guide. We setx50 in Eq.
~20! to remove the effect of absorption
by the wave guide. The modal cros
section of the sphere for mode 1 i
each wave guide is almost equal to i
free space cross section.
P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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E. Dependence of modal cross section on object size
and frequency

Here we investigate how the modal cross section
~20! of a pressure release sphere at 50 m water depth c
pares with its free space cross section when we vary the
of the sphere and the frequency of the incoming waves. F
ures 12~a!–~d! show the result in a Pekeris sand wave gui
plotted as a function ofka. The corresponding result in th
Pekeris silt and perfectly reflecting wave guides are plot
in Figs. 13 and 14, respectively.

For a large sphere with the highka of 62.8, we see from
Figs. 12–14~d! that the modal cross section of the sphere
the high order modes fluctuates and departs drastically f
the free space cross section for most of the modes.

FIG. 10. Incoherent combined cross section of a hard disk of radius 10
300 Hz source frequency in a Pekeris wave guide with sand bottom
space, Pekeris wave guide with silt bottom half space, perfectly reflec
wave guide, and free space as a function of source to object rangex0 . For
this plot,x5x0 . In the wave guides, the source and disk center are loc
at 50 m water depth with the disk aligned in they–z plane. The incoheren
combined cross section is calculated using Eq.~18! by replacing the double
sum over the modes with a single sum.
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modal cross section for mode 1, however, remains ne
equal to the free space cross section of the large sphe
each wave guide. For the compact sphere with the smalka
of 0.1 on the other hand, Figs. 12–14~a!, the modal cross
section of most of the modes are fairly close to the free sp
cross section of the object.

Figures 15~a!–~d! show the scatter function amplitud
plotted as a function of elevation angle of the modes at v
ous ka. Compact objects scatter like point targets and th
have an omnidirectional scatter functionS0 . In Eq. ~20!, we
see that the modal cross section depends on not only
forward scatter amplitude, but also the scatter function a
plitude in nonforward directions. For a compact object, sin
the scatter function amplitude is a constant, independen
azimuth or elevation angles, we can factor it out in Eq.~20!.
Furthermore, in a perfectly reflecting wave guide, since14,15

Np
15Np

25
1

i
Ad~0!

2H
, ~27!

Np can be factored out of the equation as well. Consequen
for a compact object in the perfectly reflecting wave guid
Eq. ~20! for the modal cross section reduces to

sp~x!5
4p

k

1

R$jp%
I$S0%e

22I$jp%x ~28!

which resembles the expression for the free space cross
tion of the object in Eq.~C16!. The modal cross section o
the compact object in the wave guide will, however,
slightly larger than the free space cross section becaus
the dependence on the horizontal wave number of the m
jp in the denominator of Eq.~28! instead ofk as in Eq.~C16!
for free space. The real part of the horizontal wave num
decreases as the mode number increases. We see a gr
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FIG. 11. Modal cross section Eq.~20!
at 300 Hz of the 10 m radius hard dis
at 50 m water depth for the extinction
of the individual modes in a~a! Pek-
eris sand half space wave guide,~b!
Pekeris silt half space wave guide, an
~c! perfectly reflecting wave guide. We
setx50 in Eq. ~20! to remove the ef-
fect of absorption by the wave guide
The modal cross section of the disk fo
mode 1 in each wave guide is almos
equal to its free space cross section.
2937tilal and N. C. Makris: Extinction theorem for object scattering
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FIG. 12. Modal cross section Eq.~20!
of a pressure release sphere at 50
water depth for the extinction of the
individual modes in a Pekeris san
half space wave guide with~a! sphere
radius 0.1 m, 300 Hz source fre
quency,ka50.1, ~b! sphere radius 1
m, 300 Hz source frequency,ka
51.3, ~c! sphere radius 10 m, 300 Hz
source frequency,ka512.6, and ~d!
sphere radius 10 m, 1500 Hz sourc
frequency,ka562.8. We setx50 in
Eq. ~20! to remove the effect of ab-
sorption by the wave guide. Only the
propagating modes are illustrated i
each plot. The modal cross section o
the sphere for mode 1 in each case
almost equal to its free space cros
section.
pe
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increase in the modal cross section in Fig. 14~a! with in-
crease in mode number for the compact sphere in the
fectly reflecting wave guide.

In a real wave guide,Np is usually complex. For the
lower order modes,Np has a large imaginary component a
we can still factor it out as we did for the perfectly reflectin
wave guide. We also observe a trend of increase in mo
cross section with mode number for the compact spher
the examples of Figs. 12–13~a!. This implies that for a com-
2938 J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001
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pact object in a wave guide, as well as mode 1, we can
use the higher order modes to extract its omnidirectio
scatter function amplitude from modal extinction measu
ments. Once the scatter function amplitude of a compact
ject is known, its size can be estimated.

VII. SUMMARY AND DISCUSSION

A generalized extinction theorem for the rate at whi
energy is extinguished from the incident wave of a far fie
m

f

y,

e-

y,

e

e
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to
FIG. 13. Modal cross section Eq.~20!
of a pressure release sphere at 50
water depth for the extinction of the
individual modes in a Pekeris silt hal
space wave guide with~a! sphere ra-
dius 0.1 m, 300 Hz source frequenc
ka50.1, ~b! sphere radius 1 m, 300
Hz source frequency,ka51.3, ~c!
sphere radius 10 m, 300 Hz source fr
quency,ka512.6, and~d! sphere ra-
dius 10 m, 1500 Hz source frequenc
ka562.8. We setx50 in Eq. ~20! to
remove the effect of absorption by th
wave guide. Only the propagating
modes are illustrated in each plot. Th
modal cross section of the sphere fo
mode 1 in each case is almost equal
its free space cross section.
P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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FIG. 14. Modal cross section Eq.~20!
of a pressure release sphere at 50
water depth for the extinction of the
individual modes in a perfectly reflect
ing wave guide with~a! sphere radius
0.1 m, 300 Hz source frequency,ka
50.1, ~b! sphere radius 1 m, 300 Hz
source frequency,ka51.3, ~c! sphere
radius 10 m, 300 Hz source frequenc
ka512.6, and~d! sphere radius 10 m,
1500 Hz source frequency,ka562.8.
The modal cross section of the sphe
for mode 1 in each case is almos
equal to its free space cross section.
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point source by an object of arbitrary size and shape i
stratified medium has been developed from wave theory.
wave guide, both the incident and scattered fields are c
posed of a superposition of plane waves or equivalentl
superposition of modes. The total extinction is shown to b
linear sum of the extinction of each wave guide mode. E
modal extinction involves a sum over all incident mod
scattered into the given mode and is expressed in term
the objects’s plane wave scatter function in the forward a
J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001 P. Ra
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muth and equivalent modal plane wave amplitudes. In g
eral, our results show that when we have multiple pla
waves incident on an object, whether in a wave guide o
free space, extinction will be a function of not only the fo
ward scatter amplitude for each incident plane wave but a
the scatter function amplitudes coupling each incident pl
wave to all other plane waves with distinct directions th
comprise the incident field.

Our derivation greatly facilitates scattering calculatio
n

at
FIG. 15. The magnitude of the free
space plane wave scatter functio
S(u,f50°,u i590°,f i50°) is plot-
ted as a function ofu, the elevation
angle for a pressure release sphere
~a! ka50.1, ~b! ka51.3, ~c! ka
512.6, and~d! ka562.8. The forward
scatter peak is atu590°.
2939tilal and N. C. Makris: Extinction theorem for object scattering



th
b
bl

ec
o
al

i
r
ex
ar
ra
ec
fe
b

e
re
a

ac
ea
ta
fo
rs
r

fo
ve
ca
tio
os
m
o

ur
d
id

o
ob
ac
t t
Le

re

the
ere-

n

field

ce

net
in
Let
cle,

by

b-

r-
the

tive
nd
fere

t
e

the
by eliminating the need to integrate energy flux about
object. The only assumptions are that multiple scattering
tween the object and wave guide boundaries is negligi
and the object lies within a constant sound speed layer.

Two extinction cross sections are defined for an obj
submerged in a wave guide. The first is the combined cr
section which is the ratio of the combined extinction of
the modes of the wave guide to the total incident intensity
the radial direction at the object’s centroid. Calculations fo
shallow water wave guide show that both the combined
tinction and the combined cross section of an object
highly dependent on measurement geometry, medium st
fication, as well as the scattering properties of the obj
They also fluctuate with range due to the coherent inter
ence between the modes. Both are significantly modified
the presence of absorption in the medium. The presenc
absorption typically means that the extinction and cor
sponding cross section of the obstacle in an ocean w
guide will be smaller than it’s value in free space. The pr
tical implications of these findings is that experimental m
surements of the total scattering cross section of an obs
in a wave guide may differ greatly from those obtained
the same obstacle in free space and may lead to erro
target classification if the wave guide effects are not prope
taken into account.

We also define the modal cross section of an object
the extinction of an individual wave guide mode of a wa
guide. We show that for an object submerged in a typi
ocean wave guide, the modal cross section for the extinc
of mode 1 is almost identical to the object’s free space cr
section, after correcting for absorption loss in the mediu
This finding can be used to robustly estimate the size
objects submerged underwater from extinction meas
ments involving mode 1, which is often the dominant mo
after long range propagation in a shallow water wave gu

APPENDIX A: GENERAL APPROACH FOR
CALCULATING EXTINCTION

There are two approaches to calculate the extinction
an incident field due to absorption and scattering by an
ject. In the first approach, we define a closed control surf
C that encloses the object, but excludes the source. We le
origin of the coordinate system be at the object centroid.
r0 be the position of the source andr be the position of a
point on the control surface.

In the absence of the object, only the incident fieldF i

exists. The intensity of the incident field at locationr on the
control surface from a source atr0 is

I i~r ur0!5R$V i* ~r ur0!F i~r ur0!%, ~A1!

where V i(r ur0) is the velocity vector of the incident field
which, from Newton’s law, can be expressed as

V i~r ur0!5
1

ivd~r !
“F i~r ur0! ~A2!

for a harmonic field at frequencyv whered(r ) is the density
at locationr . Integrating the incident intensity over the enti
2940 J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001
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control surfaceC gives the net incident intensity fluxFi

through the control surface,

Fi5RH R R
C
V i* F i•dSJ . ~A3!

In a lossless media, the incident energy flux entering
control surface has to equal that leaving the surface. Th
fore in a lossless media,

Fi50. ~A4!

In the presence of the object, the total field at locatior
on the control surface for a source atr0 is the sum of the
incident pressure field from the source and the scattered
from the object,

FT~r ur0!5F i~r ur0!1Fs~r ur0!. ~A5!

The intensity of this total field atr on the control surface is

IT~r ur0!5R$VT* ~r ur0!FT~r ur0!%. ~A6!

The total intensity integrated over the entire control surfa
C is the total energy fluxFT throughC, or the total inter-
cepted power,

FT5RH R R
C
VT* FT•dSJ

5RH R R
C
~V i* F i1V i* Fs1Vs* F i1Vs* Fs!•dSJ .

~A7!

If the object absorbs some of the power incident on it, the
outward power flow through the control surface is equal
magnitude to the rate at which absorption takes place.
Wa be the rate at which energy is absorbed by the obsta
thenFT52Wa .

Let Ws be the total power scattered in all directions
the object,

Ws5RH R R
C
Vs* Fs•dSJ . ~A8!

By definition, extinction is the sum of the total power a
sorbed and scattered by the object. Making use of Eqs.~A3!,
~A4!, and~A8! in Eq. ~A7!, the extinctionE due to the object
in a lossless media is

E5Wa1Ws52RH R R
C
~V i* Fs1Vs* F i !•dSJ . ~A9!

From Eq.~A9! we see that extinction is a result of the inte
ference between the incident and scattered fields over
control surface. For a plane wave in free space, the ac
region of the control surface over which the incident a
scattered fields have a fixed phase relationship to inter
destructively lies within an angular widthAl/r of the for-
ward direction, wherel is the wavelength of the inciden
wave, andr is the distance of the control surface from th
object centroid in the forward direction.2,3,17 This region
comprises the shadow remnant. Outside of this region,
P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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integrand in Eq.~A9! fluctuates too rapidly to contribute t
the extinction.

Consequently, instead of integrating the interference fl
over the entire control surface, we can replace the enclo
control surface by a screenScin the forward direction. From
Eq. ~A7!, if we integrate the interference flux over the area
the screen, instead of the enclosed control volume, we ob

2RH E E
Sc

~V i* Fs1Vs* F i !•dSJ
5RH E E

Sc
~V i* F i2VT* FT1Vs* Fs!•dSJ . ~A10!

The first term on the right-hand side of Eq.~A10! is the
incident fluxFi through the screen, which is the flux throug
the screen in the absence of the object. The second ter
FT , the total flux through the screen in the presence of
object. The last term is the scattered flux through the scr
If we place the screen sufficiently far from the object so t
Vs* and Fs become small relative toV i* and F i due to
spreading loss, the scattered flux becomes negligible.
instance, for plane waves in free space, the spherical spr
ing of the scattered field causes the scattered field intensi
decrease with range with a 1/r 2 dependence, while the inci
dent intensity remains constant.

At any given ranger of the screen from the object, t
measure the full extinction caused by the object, the scr
has to be much wider thanAlr . For a sufficiently large
screen, the extinctionE is, from Eq.~A10!,

E5Fi2FT52RH E E
Sc

~V i* Fs1Vs* F i !•dSJ , ~A11!

the difference between the incident flux measured by
screen in the absence of the object and the total flux in
presence of the object. This is the approach due to Van
Hulst for calculating the extinction by placing a sufficient
large screen in the forward direction to register the full e
tinction.

APPENDIX B: EXTINCTION, ABSORPTION, AND
SCATTERING CROSS SECTIONS

The extinction, absorption, and scattering cross sect
can be viewed as fictitious areas that intercept a portion
the incident power equal to the extinguished, absorbed
scattered power, respectively. The extinction cross sec
sT , by definition, is the ratio between the rate of dissipat
of energyE and the rate at which energy is incident on u
cross-sectional area of the objectI i ,

sT5
E
I i

. ~B1!

From Eq.~A9!, we can also express the above as

sT5
Wa1Ws

I i
5sa1ss , ~B2!

wheresa andss are the absorption and scattering cross s
tions, respectively. For a nonabsorbing object,sa50, and
J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001 P. Ra
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the extinction cross section is then equal to the scatte
cross section,sT5ss .

APPENDIX C: EXTINCTION FORMULA FOR
SCATTERING IN AN INFINITE LOSSY UNBOUNDED
MEDIA

We derive the formula for the extinction of an incide
plane wave in the far field of a point source by an object
an infinite unbounded medium with absorption loss. We w
derive the expression using both the control surface met
and the Hulst screen method discussed in Appendix A
compare the resulting expressions. Letn be the coefficient
for absorption in the medium. We write the magnitude of t
complex wave vector ask5k1 in, wherek5v/c.

The object centroid coincides with the center of the c
ordinate system and we place the source atr05(0,0,2z0).
First we derive the formula using the control surface meth
Eq. ~A9!. We let the control surface be a spherical surface
radiusR centered at the object centroid. At any pointr on the
control surface, the incident field is given by the free spa
Green’s function,

F i~r ur0!5
1

4p

eikur2r0u

ur2r0u
. ~C1!

Since the object is in the far field of the point source, t
incident field at the object can be approximated as comp
ing of plane waves with amplitudeeikz0/4pz0 . The scattered
field from the object at ranges far from the object can
expressed as

Fs~r ur0!5
1

4p

eikz0

z0

eikr

kr
S~u,f;0,0!. ~C2!

The first term in the integrand of Eq.~A9! for this case is

V i* Fs5
1

16p2

~k2 in!

vd

e2 ikAx21y21~z1z0!2

~x21y21~z1z0!2!
~r ir1z0iz!

3
eikz0

z0

eikAx21y21z2

~k1 in!Ax21y21z2
S~u,f;0,0!

3e2nAx21y21~z1z0!2
e2nz0 e2nAx21y21z2

. ~C3!

In the above expression, we explicitly factor out the te
representing absorption in the medium to avoid confus
when conjugating the fields and to keep track of absorpt
losses in the medium. On the control surface,r
5Ax21y21z25R. We will assume thatz0@R since the
object is in the far field of the point source. We use t
approximationAx21y21(z1z0)2'z1z0 in the term that
determines the phase of the integrand, and the approxima
Ax21y21(z1z0)2'z0 in the spreading loss factor. The re
sulting expression becomes,

V i* Fs5
1

16p2

~k2 in!

vd~k1 in!

e2 i ~k1n!z

z0
3 ~z0iz1Rir !

eikR

R

3S~u,f;0,0!e22nz0e2nR. ~C4!

Next, we integrate Eq.~C4! over the area of the en
closed spherical surface. An area element on the surfac
2941tilal and N. C. Makris: Extinction theorem for object scattering
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dS5 irR
2 sinu du df. Sincez0@R we need only consider th

first term in Eq. ~C4! and note thatiz• ir5cosu. With z
5R cosu on the spherical surface, we obtain

R R
C
V i* Fs•dS5

1

16p2

~k2 in!

vd~k1 in!z0
2R

eikR

3e22nz0e2nR

3E
0

pE
0

2p

e2~ ik1n!R cos~u!S~u,f;0,0!

3cosu sinu du df. ~C5!

Making use of asymptotic integration,

R R
C
V i* Fs•dS

5
i

8pvdz0
2

1

k1 in
e22nz0~S~0,0;0,0!e22nR

1S~0,p;0,0!ei2kR!. ~C6!

Similarly, we integrate the second term of Eq.~A9! over the
control surface and obtain

R R
C
Vs* F i•dS

5
2 i

8pvdz0
2

1

k1 in
e22nz0~S* ~0,0;0,0!e22nR

2S* ~0,p;0,0!e2 i2kR!. ~C7!

Summing Eqs.~C6! and~C7!, taking only the negative of the
real part of the sum, we obtain the extinction caused by
object in an infinite unbounded lossy medium using the c
trol volume method,

EC~r ur0!5
1

4pvd

e22n~z01R!

z0
2 S k

k21n2 I$S~0,0;0,0!%

2
n

k21n2 R$S~0,p;0,0!ei2kR%e2nRD . ~C8!

Next, we derive the extinction using the Van de Hu
screen method, Eq.~A11!. We start with the expression i
Eq. ~C3!. We place a square screen of lengthL a sufficiently
large distance from the object in the forward directio
parallel to thex2y plane a distancez away from the object.
As discussed in Appendix A, we requireL.Alz. Sincez
is large, we assume that for points on the active reg
of the screen,z@r wherer5Ax21y2. We use the approxi-
mations Ax21y21(z1z0)2'z1z01@r2/2(z1z0)#, and
Ax21y21z2'z1(r2/2z) in the terms that determine th
phase of the integrand, and the approximatio
Ax21y21(z1z0)2'z1z0 and Ax21y21z2'z in the ab-
sorption and spreading loss factors. Equation~C3! simplifies
to

V i* Fs5
1

16p2

~k2 in!

~k1 in!

1

v dz0 z~z01z!

3eik z0 r2/2z~z01z!S~u,f;0,0!e22n~z01z!. ~C9!
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We integrate Eq.~C9! using Eq.~A11! over the area of
the screen. With the screen lying normal to thez axis, an area
element of the screen isdS5 iz dx dy,

E E
Sc

V i* Fs•dS

5
1

16p2

~k2 in!

~k1 in!

1

vdz0z~z01z!
e22n~z01z!

3E
2L/2

L/2 E
2L/2

L/2

eik z0 r2/2z~z01z!S~u,f;0,0!dx dy.

~C10!

As discussed in Appendix A, the angular width of the acti
area on the screen is of the order ofAl/z which is small for
large z. We therefore approximate the scatter function w
its value atu5f50 and factor it out of the integral above
Integrating the resulting expression using asymptotic integ
tion, we obtain

E E
Sc

V i* Fs•dS

5
i

8pvdz0
2

1

k
S~0,0;0,0!

~k2 in!

~k1 in!
e22n~z01z!. ~C11!

Similarly, we integrate the second term in Eq.~A11! to ob-
tain

E E
Sc

Vs* F i•dS5
2 i

8pvdz0
2

1

k
S* ~0,0;0,0!e22n~z01z!.

~C12!

Adding the two expressions and taking only the negative
the real part of the sum, we obtain the extinction caused
an object in an infinite unbounded lossy medium using
screen method,

ESc~r ur0!5
1

4pvd

e22n~z1z0!

z0
2

1

k

3S I$S~0,0;0,0!%2
n

k
R$S~0,0;0,0!% D . ~C13!

The expression for the extinction using the control v
ume method Eq.~C8! and that obtained using Van de Hul
screen method Eq.~C13! are equal ifn50. The second term
in both equations arise due to absorption by the medium.
expressions for the absorption loss term differ because
integrate the energy flux over different surfaces. Ifn is small
compared tok, n/k!1, we can ignore the second term
both equations, and lettingz5R, the resulting expression
for the extinction are identical and become

E~r ur0!5
1

4pvdk
I$S~0,0;0,0!%

e22n~z1z0!

z0
2 . ~C14!

This derivation shows that the screen method gives the
P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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extinction only if the absorption loss in the medium is sma
From Eq.~C14!, we see that absorption in the medium low
ers the extinction that we would otherwise measure in a lo
less medium. The 1/z0

2 factor is due to the spherical sprea
ing of the incident field from the source to the object.

The incident intensity on the object in thez direction for
n/k!1 is

V i* F i5
1

16p2

k

vd

e22nz0

z0
2 . ~C15!

Dividing the extinction in Eq.~C14! with the incident inten-
sity on the object Eq.~C15!, we obtain the extinction cros
section of the object in the infinite unbounded lossy med

sT~z!5
4p

k2 I$S~0,0;0,0!%e22nz. ~C16!

Equation~C16! shows that a measurement of the cross s
tion of an object in a lossy medium will be smaller than in
lossless medium. To obtain the true cross section of the
ject, independent of the medium, we have to correct for
sorption in the lossy medium.
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APPENDIX D: EXTINCTION FORMULA
FOR SCATTERING IN A STRATIFIED WAVE GUIDE
CALCULATED USING A CONTROL SURFACE
THAT ENCLOSES THE OBJECT

Let the control surface be a semi-infinite cylinder
radiusR with a cap at the sea surface wherez52D, similar
to that defined in Sec. III. The axis of the cylinder is paral
to the z axis and passes through the object centroid. T
source is located atr05(2x0,0,z0), and we assume thatR
!x0 .

As discussed in Sec. III, the sea has a pressure-rel
surface where both the incident and scattered fields van
The contribution of the interference flux through the cap
the sea surfacez52D is zero. We need only integrate th
interference flux in Eq.~A9! over the curved surface of th
cylinder to obtain the extinction caused by the object.

Using Eqs.~1!, ~2!, ~3!, and ~A2!, the first term in the
integrand of Eq.~A9! on the curved surface of the cylinde
R5(x,y,z) is
to avoid

der is

m,

points
e

V i* Fs5
i

d~z!d~z0!d~0!2vk (
l 51

`

(
m51

`

(
n51

`

ul* ~z0!um~z!F ]

]z
ul* ~z!iz2 i j l* ul* ~z!ixGe2 iR$j l %~x01x!

Aj l* x0

eiR$jm%R

AjmR

3@Nm
2eiR$gm%DAn~r0!S~p2am ,f;an,0!2Nm

1e2 iR$gm%DAn~r0!S~am ,f;an,0!

2Nm
2eiR$gm%DBn~r0!S~p2am ,f;p2an,0!1Nm

1e2 iR$gm%DBn~r0!S~am ,f;p2an,0!#e2I$j l %x0e2I$gm%D. ~D1!

In the above expression, the terms representing absorption by the wave guide have been factored out explicitly
confusion when conjugating the fields and also to keep track of absorption losses due to the wave guide. SinceR!x0 , the
expansionur2r0u5x01x was used in the terms that determine the phase of the integrand while the approximationur2r0u
'x0 was used in the spreading and absorption loss factors. We ignore the absorption loss terme2I$j l %R since it is small
compared toe2I$j l %x0.

Next we integrate Eq.~D1! over the curved surface of the cylinder. An area element on the surface of the cylin
dS5 irR df dz. We use the orthorgonality relation in Eq.~4! between the modesul* (z) andum(z) to integrate Eq.~D1! over
the semi-infinite depth of the cylinder in the wave guide. This reduces the triple sum over the modes to a double su

R R
C
V i* Fs•dS5E

0

2pE
2D

`

V i* Fs• irR dz df

5
1

d~z0!d~0!2vk (
m51

`

(
n51

` jm*

ujmuAx0R
um* ~z0!eiR$jm%Re2 iR$jm%x0

3H E
0

2p

@Nm
2eiR$gm%DAn~r0!S~p2am ,f;an,0!2Nm

1e2 iR$gm%DAn~r0!S~am ,f;an,0!

2Nm
2eiR$gm%DBn~r0!S~p2amf;p2an,0!1Nm

1e2 iR$gm%DBn~r0!S~am ,f;p2an,0!#

3e2 iR$jm%R cosf cosfR dfJ e2I$jm%x0e2I$gm%D. ~D2!

The integral involvingf can be evaluated using the method of stationary phase. There are two stationary phase
corresponding to the forward azimuthf50, and the back azimuthf5p. Applying the result of the following stationary phas
integration over the azimuth anglef,
2943tilal and N. C. Makris: Extinction theorem for object scattering
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E
0

2p

S~p2am ,f;an,0!e2 iR$jm%R cosf cosf df5A 2p

R$jm%R
eip/4@e2 iR$jm%RS~p2am,0;an,0!

1 ieiR$jm%RS~p2am ,p;an,0!#, ~D3!

to Eq. ~D2!, the integration of the first term in Eq.~A9! over the curved surface of the cylinder in the wave guide becom

R R
C
V i* Fs•dS5

1

d2~z0!d~0!4vk

1

x0
(

m51

`

(
n51

` jm*

ujmuAR$jm%jn

um* ~z0!un~z0!eiR$jn2jm%x0

3~ i @Nm
2Nn

2eiR$gm1gn%DS~p2am,0;an,0!2Nm
1Nn

2eiR$2gm1gn%DS~am,0;an,0!

2Nm
2Nn

1eiR$gm2gn%DS~p2am,0;p2an,0!1Nm
1Nn

1eiR$2gm2gn%DS~am,0;p2an,0!#

2eiR$2jm%R@Nm
2Nn

2eiR$gm1gn%DS~p2am ,p;an,0!2Nm
1Nn

2eiR$2gm1gn%DS~am ,p;an,0!

2Nm
2Nn

1eiR$gm2gn%DS~p2am ,p;p2an,0!1Nm
1Nn

1eiR$2gm2gn%DS~am ,p;p2an,0!# !

3e2 iI$jm1jn%x0e2I$gm1gn%D. ~D4!

Similarly, we can evaluate the second term in Eq.~A9! which gives

R R
C
Vs* F i•dS52

1

d2~z0!d~0!4vk

1

x0
(

m51

`

(
n51

` jm*

ujmuAR$jm%jn*
um~z0!un* ~z0!e2 iR$jn2jm%x0

3~ i @Nm
2* Nn

2* e2 iR$gm1gn%DS* ~p2am,0;an,0!2Nm
1* Nn

2* e2 iR$2gm1gn%DS* ~am,0;an,0!

2Nm
2* Nn

1* e2 iR$gm2gn%DS* ~p2am,0;p2an,0!1Nm
1* Nn

1* e2 iR$2gm2gn%DS* ~am,0;p2an,0!#

2e2 iR$2jm%R@Nm
2* Nn

2* e2 iR$gm1gn%DS* ~p2am ,p;an,0!2Nm
1* Nn

2* e2 iR$2gm1gn%DS* ~am ,p;an,0!

2Nm
2* Nn

1* e2 iR$gm2gn%DS* ~p2am ,p;p2an,0!1Nm
1* Nn

1* e2 iR$2gm2gn%DS* ~am ,p;p2an,0!# !

3e2I$jm1jn%x0e2I$gm1gn%D. ~D5!

We then sum Eqs.~D4! and ~D5!, taking only the negative of the real part of the sum following Eq.~A9!. This leads to
the range dependent extinctionE(Rur0) of the incident field in a wave guide due to an object at the origin measured
cylinder of radiusR centered on the object with source atr0 ,

E~Rur0!5
1

d2~z0!d~0!2vk

1

x0
(

m51

`

(
n51

` AR$jm%

ujmu
IH 1

Ajn

um* ~z0!un~z0!eiR$jn2jm%x0

3@Nm
2Nn

2eiR$gm1gn%DS~p2am,0;an,0!2Nm
1Nn

2eiR$2gm1gn%DS~am,0;an,0!

2Nm
2Nn

1eiR$gm2gn%DS~p2am,0;p2an,0!1Nm
1Nn

1eiR$2gm2gn%DS~am,0;p2an,0!#J e2I$jm1jn%x0e2I$gm1gn%D

1
1

d2~z0!d~0!2vk

1

x0
(

m51

`

(
n51

`
I$jm%

ujmuAR$jm%
IH 1

Ajn

um* ~z0!un~z0!eiR$jn2jm%x0eiR$2jm%R

3@Nm
2Nn

2eiR$gm1gn%DS~p2am ,p;an,0!2Nm
1Nn

2eiR$2gm1gn%DS~am ,p;an,0!

2Nm
2Nn

1eiR$gm2gn%DS~p2am ,p;p2an,0!1Nm
1Nn

1eiR$2gm2gn%DS~am ,p;p2an,0!#J e2I$jm1jn%x0e2I$gm1gn%D.

~D6!

After comparing the expression for the extinction calculated using the control surface method Eq.~D6!, with that obtained
using the Van de Hulst screen method Eq.~13!, we see that they are identical only in the perfectly reflecting waveguide w
I$jm%50. If the absorption loss in the waveguide is small, we can neglect the second term in Eq.~D6! and the resulting
2944 J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001 P. Ratilal and N. C. Makris: Extinction theorem for object scattering
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expression will be similar to Eq.~13!. The differences in Eqs
~13! and~D6! arise because of absorption loss in the medi
and also because we integrate the energy fluxes over d
ent surfaces in the two methods.

The Van de Hulst screen method is of more practical
because it represents the type of measurement that ca
made with a standard 2D planar or billboard array. A cont
volume measurement, on the other hand, would be very
ficult to implement since it would require an array that co
pletely encloses the object.

1M. Born and E. Wolf,Principles of Optics, Electromagnetic Theory o
Propagation Interference and Diffraction of Light, 6th ed. ~Cambridge
University Press, Cambridge, 1980!.

2H. C. van de Hulst, ‘‘On the attenuation of plane waves by obstacle
arbitrary size and form,’’ Physica~Amsterdam! 15, 740–746~1949!.

3L. I. Schiff, ‘‘On an expression for the total cross-section,’’ Prog. The
Phys.11, 288–290~1954!.

4H. C. van de Hulst,Light Scattering by Small Particles~Dover, New York,
1981!.

5R. J. Urick, Principles of Underwater Sound~McGraw-Hill, New York,
1983!.

6P. M. Morse,Theoretical Acoustics~Princeton University Press, Princeton
NJ, 1986!.
J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001 P. Ra
r-

e
be
l

if-
-

f

.

7B. V. Smith and M. G. Ertugrul, ‘‘A technique for the measurement
extinction cross-section,’’ J. Sound Vib.98, 275–288~1985!.

8T. K. Stanton, ‘‘Multiple scattering with applications to fish-echo proce
ing,’’ J. Acoust. Soc. Am.73, 1164–1169~1983!.

9F. P. Mechel, ‘‘Iterative solutions for finite-size absorbers,’’ J. Sound V
134, 489–506~1989!.

10Y. P. Guo, ‘‘On sound energy scattered by a rigid body near a compl
surface,’’ Proc. R. Soc. London1943, 543–552~1995!.

11F. Ingenito, ‘‘Scattering from an object in a stratified medium,’’ J. Acou
Soc. Am.82, 2051–2059~1987!.

12N. C. Makris and P. Ratilal, ‘‘A unified model for reverberation and su
merged object scattering in a stratified ocean waveguide,’’ J. Acoust.
Am. 109, 909–941~2001!.

13N. C. Makris, ‘‘A spectral approach to 3-D object scattering in layer
media applied to scattering from submerged spheres,’’ J. Acoust. Soc.
104, 2105–2113~1998!; 106, 518~E! ~1999!.

14F. B. Jensen, W. A. Kuperman, M. B. Porter, and H. Schmidt,Computa-
tional Ocean Acoustics~American Institute of Physics, New York, 1994!.

15G. V. Frisk,Ocean and Seabed Acoustics, A Theory of Wave Propaga
~Prentice Hall, New Jersey, 1994!.

16Electromagnetic and Acoustic Scattering by Simple Shapes, edited by J. J.
Bowman, T. B. A. Senior, and P. L. E. Uslenghi~North-Holland, Amster-
dam, 1969!.

17N. C. Makris, F. Ingenito, and W. A. Kuperman, ‘‘Detection of a su
merged object insonified by surface noise in an ocean waveguide
Acoust. Soc. Am.96, 1703–1724~1994!.
2945tilal and N. C. Makris: Extinction theorem for object scattering


