Extinction theorem for object scattering in a stratified medium
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A simple relation for the rate at which energy is extinguished from the incident wave of a far field
point sourceby an obstacle of arbitrary size and shape Btratified mediunis derived from wave

theory. This relation generalizes the classical extinction theorem, or optical theorem, that was
originally derived for plane wavescattering in free space and greatly facilitates extinction
calculations by eliminating the need to integrate energy flux about the obstacle. The total extinction
is shown to be a linear sum of the extinction of each wave guide mode. Each modal extinction
involves a sum over all incident modes that are scattered into the extinguished mode and is
expressed in terms of the object’s plane wave scatter function in the forward azimuth and equivalent
plane wave amplitudes of the modes. The only assumptions are that multiple scattering between the
object and wave guide boundaries is negligible, and the object lies within a constant sound speed
layer. Modal extinction cross sections of an object for the extinction of the individual modes of a
wave guide are then defined. Calculations for a shallow water wave guide show that, after correcting
for absorption loss in the medium, the modal cross section of an object for mode 1 in a typical ocean
wave guide is very nearly equal to its free space cross section. This new extinction theorem may be
applied to estimate the cross section of an object submerged in a wave guide from a measurement
of its forward scattered field. @001 Acoustical Society of AmericaDOI: 10.1121/1.1405522

PACS numbers: 43.30.Ft, 43.30.Bp, 43.30[GLB]

I. INTRODUCTION cations in acoustics, such as those given in Refs. 8 and 9. It
can also be used as a “burglar alarm” to detect and classify

If an object is placed in the path of an incident wave,intruding objects that pass between a source and an acoustic
some of the intercepted power is scattered in all direction anghcejver array.

the remainder is absorbed. The total power removed fromthe |, 1985 Gud® extended the extinction theorem to scat-

incident field as a result of scattering and absorption by thgsring by an object located next to an interface between two
object is called extlnctloﬁ.\/aq de Hulst has shown, in what istinct acoustic half spaces. He found an expression for the
has become known alternatively as t@etinction theorem, — giinction of an incident plane wave in terms of the far-field

;)_ptltgal theor(ka)m an_for(\j/v?rd S(;ztter thtcteoreéntfhat f.thl(; ?X_th scattered pressures in the specular reflection and transmis-
inction can be derived from he scatlered far Ield I Meq;, girections, determined by Snell’s law. In a wave guide,

forward direction. Specifically, the total extinction of a pIanethe effect of multimodal propagation ensures that the field

wave incident on an objectin free space equals the imaginf"“i)ﬁcident on the object will arrive from many distinct direc-

part of the forward scatter amplitude multiplied by the inci- tions. This, combined with the effect of absorption loss in the

dent intensity and #/k* wherek is the wave number:® waveguide, will modify the extinction and scattering cross
This remarkably simple relationship reflects the fact that the 9 ' 9

extinction caused by the obstacle leads to shadow formatio?_leCtlons from their free space values. The free space extinc-

via destructive interference between the incident and forwar#jOn theorem and the half-space extension of Guo are there-

scattered fields. The permanence of the extinction is mainio"® Not applicable in a wave gwde._ ) i
Here we use wave theory to derive a generalized extinc-

tained by the formation of a region of destructive interfer- : ) :
ence that survives as an actiseadow remnaitin perpetu- tion theorem by developing a relation for the rate at which

ity beyond the deep shadow. energy is extinguished from the incident wave of a far field

The total power scattered by an object can be found b>poin§ .sourceb.y an object of arbitrary size and shape- in a
integrating the scattered intensity over a large control surfacgtratified mediumLike its free space analogue, the relation is
enclosing the object in the far field. This integration is usu-29ain remarkably simple. The total extinction is shown to be
ally difficult to perform and makes an alternative approach@ linear sum of the extinction of each wave guide mode.
attractive. For nonabsorbing objects, the total power scattach modal extinction involves a sum over all incident
tered by the object is the extinctidf.One great advantage Modes that are scattered into the given mode and is ex-
of the extinction theorem is that it eliminates the need topressed in terms of the object’s plane wave scatter function
integrate the scattered energy flux around the object. in the forward azimuth and equivalent modal plane wave

The extinction theorem is typically applied in acousticsamplitudes. For the multiple incident plane waves in a wave
to measure theextinction cross section of objecfsThis  guide, extinction is a function of not only the forward scatter
equals twice the object’s projected area in the high frequencgmplitude for each of the incident plane waves but also de-
limit, and so provides a useful method for estimating an ob{ends on the scatter function amplitudes coupling each inci-
ject’'s size. The extinction theorem has many diverse applident plane wave to all other plane waves with distinct direc-
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tions that make up the incident field. The final relation Atmosphere S~
greatly facilitates extinction calculations by eliminating the T
need to integrate energy flux about the object. D '

Our derivation begins with the time-harmonic scattered ~__
field from an object in a wave guide that is derived directly . 5 :
from Green’s theorer'2The only simplifying assumptions ~ %0:20) objedt ; H
are that multiple scattering between the object and wave y :
guide boundaries is negligible and that the object lies within
a constant sound speed layer. The simplicity of the resulting
extinction relation in the wave guide follows from the fact Water Column
that the full extinction is maintained in the region of active
interference and that this region extends into the far field
where separation of variables can be invoked. Energy fluxes
necessary for the derivation can then be calculated in the fa.
field in terms of wave guide modes and the object's plam?:IG. 1. The geometry of the problem showing an object in a stratified
wave scattering functiot?*® medium composed of a water column of thicknés®verlying a bottom.

The extinction cross section of an object is defined aghe origin of the coordinate system is at the center of the object and the
the ratio of its extinction to the rate at which energy is inci- S0Urce is located at{x,,02o). The screen is normal to the axis with

. . . width L and is semi-infinite in the-direction penetrating into the bottom

dent on unit cross sectional area of the obfethe extinc-

. ) . - with an edge at the top of the water column.
tion cross section reduces to the scattering cross section for

nonabsorbing objects, and is useful in actively Class'fym.geralized extinction theorem can also be used to determine the

targets since, as the ratio of the total extmgﬂon to the. INClattenuation due to volume and surface scattering of guided
dent intensity, it depends only upon scattering properties o

. e . . . waves propagating through stratified media such as the ocean
the target. This definition, however, is ambiguous in a wave, ;
. O X r the earth’s crust.
guide because both the incident and scattered fields are com-
prised by superpositions of plane waves. Here scattering and

propagation effects are not generally separable since they alte THE GENERALIZED EXTINCTION THEOREM

convolved together in the extinction. Additionally, the inci- In this section, we derive the extinction in the incident
dent intensity is not spatially constant. In spite of these dif<ie|d of a far field point source due to an obstacle of arbitrary
ficulties, we find it convenient to interpret the extinction size and Shape in a stratified medium. The genera| ap-
cross sectioffor an object in a wave guidas the ratio of the  proaches for calculating extinction are discussed in Appendix
extinction to the incident energy flux per unit area in theA. Here, we adopt the intuitive approach of Van de Hirdst
radial direction at the object’s centroid. This definition is which involves integrating the energy flux, or intensity, over
sensible when the object is in a constant sound speed layarscreen placed a distance away from the object sufficiently
and in the far field of the source. large to register Fraunhofer diffraction, EA11). In the
Calculations for a shallow water wave guide, which absence of the object, the total energy flux across the screen
have great relevance to active detection problems in oceag maximal. In the presence of the object, the total energy
acoustics, show that an object's cross section for the comfiux across the screen is diminished by the shadow remnant.
bined extinction of all the modes of the wave guide is highlyFor a sufficiently large screen, the difference between these
dependent on measurement geometry, medium stratificatiofluxes is the total extinction.
as well as its scattering properties. In addition, the combined  We focus on the Van de Hulst screen method for calcu-
cross section fluctuates rapidly with range due to cohereriiting extinction because it is of more practical use since it
interference between the modes. The presence of absorptiogpresents the type of measurement that can be made with a
in the medium can also significantly modify a measuremenstandard 2D planar or billboard array. This is discussed fur-
of the total scattering cross section. The practical implicatiorther in Sec. V. The other approach for calculating extinction
of these findings is that experimental measurements of thasing a control surface that encloses the object in a stratified
total scattering cross section of an obstacle in a wave guideiave guide is discussed in Appendix D. A control volume
may differ greatly from those obtained for the same obstacleneasurement would be very difficult to implement since it
in free space and may lead to errors in target classification ¥vould require an array that completely encloses the object.
the wave guide effects are not properly taken into account. The origin of the coordinate system is placed at the ob-
For an object submerged in a wave guide, we also defingect centroid withz axis vertically downward, anc axis
modal cross sections of the object for the extinction of theparallel to the boundaries as shown in Fig. 1. The coordinates
individual modes of the wave guide. The modal cross sectioof the source are defined b= (—xX(,0.z5). The screen is
of an object for the extinction of mode 1 in a typical oceanpositioned in forward azimuth on the-z plane at a hori-
wave guide was found to be nearly equal to the free spaceontal rangex from the object center. The width of the screen
cross section of the object. A potential application of theis L along they direction and is semi-infinite in the direc-
extinction theorem in a wave guide is then the estimation otion with an edge at the surface of the wave guide. Let
the size of an object submerged in the wave guide from & (X,y,z) be the coordinates of a point on the screen. Spatial
measurement of the extinction it causes to mode 1. The gemylindrical (p,0,z) and spherical systems,@,¢) are de-

screen

=

Bottom z
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fined by x=r sinfdcos¢, y=r sindsin¢, z=r cosd and p [ B y B
=x2+y2. The horizontal and vertical wave number compo-An(fo)= m(sﬂfnpo) Y2y (Z0)N,, €'(enot 7D,
nents for thenth mode are, respectively,,=k sina, and
yn=k cosa, wherek?= ¢2+ y2 and the wave number mag-
nitudek equals the angular frequeneydivided by the sound
speedc in the object layer. As discussed in Appendix A to i i
measure the full extinction in the wave guide, we require '€ the d_own and up going plane waves in the layer of the
> /\x, wherex is the horizontal range of the screen from OPi€ct,D is the depth of the object center from the sea sur-
the object. face _andS(9,¢>;0i_,¢_i) is the object’'s plane wave scatt_er
Assuming that the object is far from the source and thdunction. The definition of the plane wave scatter function
screen so that the range from the screen to the source here follows that defined in Ref. 12 where the incident plane
large, the incident field at location on the screen for a Wave on the object is described in terms of the direction it

source at,, can be expressed as a sum of normal modes, 90€S 10, so that for forward scatter in free spate,d;, ¢
= ¢; . The mode functions are normalized according to

i .
Bo(fo) = grzg) (Bénpo) ™ " Aln(Zo) N €t oo™ 7e0 1t

i i €' p—po|
Di(rlrg)= ————=e "' > u(2)u(z9) ———, = Un(2)Up (2)
o N N " = | gy @

whereu,(z) andé, are thelth modal amplitude and horizon- and are decomposable into up- and down-going plane waves
tal wave number, respectively, ant{z) is the density at in the layer of the object via
depthz _ N el 7h(Z+D) _ Nt @i 7n(z+D)

Using the formulation of Refs. 11 and 12 based on Um(2)=Ny € Ny e ' ©)
Green’s theorem, the scattered field from the object at reN_ andN; are the amplitudes of the down- and up-going

ceiverr for a source atg is plane waves in this layer.
w @ L A number of assumptions have to be satisfied for the
D(rlrg)= > o above formulation for the scattered field to be valid as noted
m=1n=1 in Ref. 12. In particular, multiple scattering between the ob-
_ . ject and wave guide boundaries is negligible, the object lies
XA An(To)S(m =t bty bot ) within a layer of constant sound speed, and the range from
—Bn(NANre)S(am,d; an, o+ ) the object to source or receiver must be large enough that the

_A B _ L N scattered field can be approximated as a linear function of the
m(")Bn(ro)S(7 = am, ;7= an, ot ) object’s plane wave scatter function. The last condition does
+B (1B, (ro)S(am, ;77— an, ¢+ )], 2) not limit the generality of the final extinction expression

where since the full extinction can be registered on sufficiently
i _ large screens in the object’s far field, but instead simplifies
An(r)= W(877§mp)*1’2um(z)N;1e'(me+VmD*”""), its derivation.

To calculate the extinction using the general formula of
Eq. (Al1l), we first evaluate the integrand for the poinbn
the screen. The first term in the integrand of E&l1) using
3 Egs.(A2), (1), (2), and(3) is

i .
Bm(r)= m(87T§mp)_1/2um(z)Nr;e'(§mp—ymD—WIA),

e IR} (Xg+X)2+y? eim{gm}w2+y2

VE (X +X) VEX

X [N, e miPA (r\S(7— am, ¢; @n,0)— N/ e FOmPA () S(an , ¢; apn,0)

e i N Y PPN
Vi (I)S_d(z)d(zo)d(o)zwk Z E 2 l“II (ZO)um(Z) Eul (Z)IZ_|§| u| (z)lx

=N, RmiPB (r0)S(7— ap, d;m— a@n,0)+ N e mPB (ro)S(am, ¢; 77— an,0)]

X e~ Héatxo+t¥) o= Hémxg=IH{ymiD, (6)

In the above expression, the terms representing absorption lyhile the approximationfp— pg|~ (x+X,) and|p|~x were

the wave guide have been factored out explicitly to avoidused in the spreading and absorption loss factors, since
confusion when conjugating the fields and also to keep track,>y can be satisfied for a screen that measures the full
of absorption losses due to the wave guide. The exact expreextinction.

sions for|p— po| = v(x+ Xo)2+y? and |p|= WZ+y? were Next we integrate Eq(6) over the area of the screen.
kept in the terms that determine the phase of the integranith the screen lying parallel to the-z plane, an area ele-
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ment of the screen idS=i,dy dz We use the orthorgonality relation in E@}) between the modes; (z) and u,(z) to
integrate Eq(6) over the semi-infinite depth of the screen in the wave guide. This reduces the triple sum over the modes to
a double sum:

L/2 %
j f Vidg dS= jL,J,DVi*(DS'iXdZdy

1

. "
= 420000 20K 21 24 e Um0
X[fu [N elm{ym}DAn(rO)S(W am,¢;a,,0)— N e mibA n(ro)S(am, ¢; an,0)

~ N €T, (10)S(7— o, ; = a0, 0) + Nye ' HmPB, (10) Sy, ;7 @, 0)]

X @ Mémt Y2 = (xo 07+ y2) gy L =T éml (X0 + 20 g~ T ymlD (7)

In the above expression, the scatter function is dependepwianthe azimuth angles=tan *(y/x). As discussed in Appendix
A, the angular width of the active area on the screen in azimuth is of the ordéx/af We can therefore approximate the
scatter function with its value ab=0 and factor it from the integral above singds large. We also expand the exponent
involving the variabley according to

2

V(Xo+X)2+y?~Xo+ X+ Y

2(Xgt+x)’ ®

2

Wyt 2 ©

2%’

Applying the result of the following asymptotic integration over the width of the screen,

L/2
f S(W—am,¢;an,0)eim{§m}( X2+y2*\/(xo+x)2+y2)dy: e*i‘ﬁ{fm}xos(ﬂ__amyo;amo)eiﬂ'm \/ 277X(X0+X), (10)
~Li2 R{&mtxXo

to Eq.(7), the integration of the first term in E§A11) over the area of the screen in the wave guide becomes

f fv*(b c|s—i—ii i
se 7 dAzo)d(0)4wk Xo i1 i1 [, 9%{im}fn

X[N N, et miPg(7— o 0:0,,0— NN, et PS4 0:a,,0)

U% (Z0) Un(Zg) € THén™ EmiXo

— N;N;em{ymf 1/”}DS( 7= am,0;7m— ap,0) + N,;N:em{*ym*””}DS(am,O;ﬂ'— an,0)]
X efj{§m+ §n}xoefj{2§m}xefj{7m+ '}’n}D_ (11)
Similarly, we can evaluate the second term in E&l1) which gives

oo ©

i 1
f J Vi ®;-dS= ongl r121|fm| S)C{‘{fm}gn

XN *N, * e mt miPer (r— 4 0:0,,00— NS * N * e -t miDS* (o 0;a,,0)

m(ZO)U: (Zo)e_im{gn_gm}xo

—N*N;*e Mrm=miPgr (7— o 0;m— 00+ NL*NF* e M- miPS* (o 0;7m— @,0) ]

X efj{gm+ "fn}XOe7j{2§m}xefj{7mJr Vn}D. (12)

When we sum Eqg11) and(12), taking only the negative of the real part of the sum following &{.1), we obtain the
range dependent extinctidi{x|r,) of the incident field in a wave guide due to an object at the origin measured by a screen
at distancex from the object with source at),
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1 i 0 o0 N %{gm}j iu*(z )U (Z )eim{§n*§m}xo
02(20)d(0)20K Xo i1 &4 |l meTTmee

V&,

X[N N, eTrm™miPg(7— o 0:0,,00— NN, et miPS(o - 0:ap,,0)

&(X|ro)=

—N, N B m miPg(7—a 0;7— @n,00+ NSNS = m=miPg(o 07— a,,0)]

><e*3{§mJr 'fn}X0€7j{2§m}xefj{7mJr 'Yn}D_ (13)

From Eq.(13), we see that the total extinction is a linear sum of the extinction of each wave guide mode. The extinction of
modem involves a sum over all incident modaghat are scattered into that extinguished mode and is expressed in terms of
the object’s plane wave scatter function in the forward azimuth and equivalent plane wave amplitudes of the modes. The
extinction decreases with source-object rargen a wave guide due to geometrical spreading, and with source-object and
object-receiver rangesg, andx, due to absorption loss in the medium.

A. Effect of multiple incident plane waves

To understand the implications of EL3), we consider several cases and examine the resulting expression for the
extinction in each case.

1. Single mode excited by source

First we consider a source that excites only a single mmd&he incident field on the object and at the screen is
determined by this single moge The triple sum in Eq(6) reduces to a single sum owverin this case since bothandn can
only take on the integer valuyg The orthogonality relation between the modg§z) andu,(z) eliminates the sum oven
leaving just a single term whema=p in Eqg. (7). Consequently, the expression for the extinction will have only one term
corresponding tan=n=p, the mode excited by the source,

1 1 VR{&} T B
5(X|r0):d2(zo)d(o)2wkx_o |§p|p |up(ZO)|2:j _\/g—[(Np)ZeI%{zyp}DS(ﬂ-_apyO;apro)_N;NpS(aplo;apao)
p
— NNy S(7— ap,0;m— a,,0) + (N5 ) 262701 S0, 0;7 — @, 0)] | €7 7124 00 =727, (14)

Even though the scattered field from the object is composeject with the same elevation angle. The scattering process
of multiple modesm, only one of these can interfere destruc- causes the various incoming incident modes at the object to
tively with the single incident modp on the screen and it is be coupled to each outgoing scattered mode through the scat-
precisely the scattered mode that has the same elevatider function and this leads todouble sunin the expression
angle as the incident mode. for the extinction in Eq(13).

Mode p is made up of an up-going and a down-going ) )
plane wave. Two of the four terms in E(l.4) arise from the 3. Large object-receiver range, x
forward scatter of the up- and down-going plane waves of  Next we consider the scenario where the screen is placed
modep, while the remaining two terms arise from the scatterat a sufficiently large distance from the object that only the
of the incident down-going plane wave of mogeto an first mode survives for both the incident field on the screen
upgoing plane wave of the same mode and vice versa. Thisom the source and the scattered field from the object, i.e.,
shows that when we have multiple plane waves incident oh=m=1 in Eq. (6). The field incident on the object is still
the object, the extinction will depend on not only the scattercomprised by a sum over the modesxcited by the source
function in the forward direction but also depend on the scatsince the range of the source from the object is not too large.
ter function amplitudes coupling each incident plane wave tal'he expression for the extinction in E(.3) then reduces to
all other plane waves with distinct directions that make upa single sum over the incident modesn the object that are

the incident field. scattered into the outgoing moae=1 that survives at the
screen.
2. Many modes excited by source 4. Large source to object range, x

For a general harmonic source that excites many modes, If the source is placed at large distances away from the
the incident field on the screen is a sum of the contributiorobject, the field incident on the object and on the screen will
from various excited modes. Each of these incident modebe determined by the single mode-n=1 that survives
on the screen will only interfere destructively in the forward while the rest of the modes are stripped due to absorption in
azimuth with the corresponding scattered mode from the obthe wave guide. The extinction in this case has a single term
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in Eqg. (13) corresponding tan=n=1, the mode that sur- From Eq.(2), we see that the scattered field is expressed

vives at the screen. The expression for the extinction is giveas a sum of four terms. The scattered intensity at the surface

by Eq. (14) with p=1. of the cylinder can therefore be expressed as a sum of 16
These examples illustrate the fact that it is really theterms, the first of which is

interference between the incident field and the scattered field i © w o o

on the screen that determines the extinction. Only scattered *

field directions that have a fixed phase relationship with the (Vs Ps)a= d(2)d*(0) wk?* 2 Z 2 2 Up(2)

incident field will contribute to the extinction. In the litera-

ture, extinction is often stated to be directly proportional to « iu*(z)i —igmu(2)i eHE~ EnlR

the forward scatter amplitude of a plane wave in free space. gz Mo TemEm e EnER

For multiple incident plane waves, however, the extinction is ,

not simply a function of the forward scatter amplitude for XNp* N, e~ miD A (1g) Ag(ro)

each. incident_ plane wave but alsp erends on the scatter X S* (7= ap, b an,0)S(7— ay , b: ag,0)
function amplitudes coupling each incident plane wave to all P a
other plane waves with distinct directions that make up the X @~ Hém* épiRe=THymt %piD, (15

incident field. Guo'¥ result for the extinction of a plane
wave by an object placed near an interface between two mé
dia can also be interpreted in this way.

An area element on the curved surface of the cylinder is
glven by dS=i,R d¢ dz. Making use of Eq.(4), the or-

thogonality relatlon between the modes, we integrate Eq.
(15) over the semi-infinite depth of the cylinder and the re-

B. Effect of absorption by the medium sulting expression is

The extinction of the incident field due to an object in f f (V*d.),-dS
the far field of a point source in free space with absorption in /1

the medium is derived in Appendix C. Comparing the ex- or (o

pression for extinction in a wave guide, Ed3), with that in = f J (VED),- i, dz de
free space, Eq.C14) in Appendix C, we see that absorption -D

in the medium lowers the extinction that we would otherwise o
measure in a lossless medium. In free space, the term due to — ool E 2 2
absorption by the medium is separable from the properties of (0 2ich it q=1 |§m
the object in the formula for the extinction. These terms,

| |Nm|2A* IﬁO)Aq(rO)

2m
however, are in general, convolved in a wave guide with X S* (71— am, ¢;an,00S(m— ay, ¢, aq,0)d¢
multimodal propagation. The convolution arises because the 0
absorption loss suffered by each mode varies from mode to X e~ 2 émRg=23{ymiD_ (16)

mode. Furthermore, the modes have varying elevation angles

and they are thus scattered differenﬂy by the Object depend-[he above integral cannot be further evaluated without
ing on the elevation angle of the mode. In the wave guidesPecifying the scatter function of the object. In general the
the absorption loss term can be separated from the term digtal scattered power in the wave guide is a complex expres-
to the object only if a single mode is incident on the object assion with a triple sum of 16 integrals. The real part of Eq.
seen from Eq.(14), which is the extinction caused by a (16) gives the triple sum of just the first integral.

single mode. One way this arises naturally in a wave guide is  If there is no absorption by the object, the extinction
when the source to object separation is large enough th&used by the object is due entirely to scattering. If the object

only mode 1 survives in the incident field on the object.  is in a perfectly reflecting wave guide or a wave guide with
small absorption loss, the total scattered power is the extinc-

tion. In that case, the complicated expression with triple sum
lll. TOTAL SCATTERED POWER IN THE WAVE GUIDE of 16 integrals discussed above reduces to the simple expres-
S|on of a double sum and no integral of EGJ). In a lossy
wave guide, if we measure the extinction around a small
control surface enclosing the object, the absorption loss in-
Side the control volume is small and the above holds as well.
Therefore, the extinction formula eliminates the need to in-
tegrate the scattered energy flux about the object in a wave
guide when determining the scattered power.

The total power scattered by an object in a wave guide
can be obtained by integrating the scattered field intensity
Vi ®, around a closed control surface enclosing the object
as described in EqA8). We let the control surface be a
semi-infinite cylinder of radiu®k with a cap at the sea sur-
face wherez= —D. The axis of the cylinder is parallel to the
z axis and passes through the object centroid.

The sea surface is a pressure-release surface where the
total flgld yamshes. Since the incident field in the ab_sence %%/ COMBINED AND MODAL EXTINCTION CROSS
the object is zero at the sea surface, the scattered field has CTIONS
vanish as well. The scattered energy flux through the cap o
the cylinder atz=—D is zero. We need only integrate the The ratioo; between the rate of dissipation of energy
scattered intensity over the curved surface of the cylinder t@and the rate at which energy is incident on unit cross sec-
obtain the total scattered power. tional area of an obstacle is called the extinction cross sec-
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tion of the obstaclé.In the wave guide, the intensity of the el R{éq—épixo
incident field on the object at the origin from a sourcegis X e Hép T} 17

JEE
11(0]ro) = R{VZ (0]ro) ®;(0]r )} P

| w oo In our derivation, the screen is positioned normal to xhe
=9‘i| 5 E Z u;(zo) axis and it measures the extinction of the energy flux propa-
d(29)d(0)8mwXo 5 “g gating in thex direction. We therefore normalize this extinc-
tion by the component of the incident intensity in theli-
iz_ i&y u;(o)ix}uq(zo)uq(o) rection to obtain the extinction cross sectioq of the object
in the wave guide,

> p(Z)

E(X|ro) (477 5w VRED

1
X0 = F ) | K 2 2 Tl J[_Jg—n

—N/ N, e mmmiPg(g 0:a,0)— N, N e m= miPS( 7 — o 0:77— @, 0)

U (Zo) Un(Zg) €' T~ EmXol N N " T Ym ™ MiPS( 77— o, 0;,0)

+ N;N:eim{7 Ym— yn}DS( am,O;Tr— an,o)]} efj{gm+ ‘fn}XOe7j{z‘fm}xefj{mer Vn}D>

[’

% -1
> %{u;<zo>u;<0>uq<zo>uq<0>Jgs/gqe‘%{fqfﬁ%e“‘ﬁ’p*q@) : (18
pq

Equation(18) is due to the combined extinction of all the modes of the wave guide by the object and we define it to be the
combined extinction cross section. This combined cross section of an object depends on the properties of the object which are
convolved with the properties of the wave guide, as well as the source and object locations.

For a source that excites only a single mgxléhe incident intensity on the object in thedirection is

. RéE)
(00 0)o= g2z d 0] B g | Un(20) U O) = e 4sbe. (19

Dividing the extinction of mode by the object in Eq(14) with the intensity of the incident field composed solely of
modep in Eqg. (19), we obtain the cross section of the object for the extinction of nmde

4 1
O'p(x):

1 1
K V(&) [uy(0)2” Ve,

[(N,)2e"2%IPS( 71— ar,0;a,0) = Ny N S(ap,0;,0)

—Ny Ny S(7— ap,0;m— a,0) + (N ) 2e ™= 27miPS( o, 0;7r — @, 0)] € 712Epi*e™ 227010, (20)

We define Eq(20) as the modal cross section of the objectspace between a star and the telescope, so long as the tele-
for the extinction of the individual modes of the wave guide.scope is large enough to measure the entire shadow
Analogous to plane waves in free space, the modes in a wawvemnant'

guide are the entity that propagate in the wave guide and For an object that is large compared to the wavelength,
determine the energy of the acoustic field in the wave guideits extinction cross section in free space, according to Babi-
It therefore becomes meaningful to quantify the extinctionnet’s principle, is equal to twice its geometrical projected
caused by an object of the individual modes of the wavearea® If we let T, be the projected area of the object in the
guide and subsequently the cross section of the object alirection of an incident plane wave in free space, we obtain
perceived by the individual modes of the wave guide.

4
V. ESTIMATION OF OBJECT SIZE FROM EXTINCTION Fj{sf}zz-rp- (21
THEOREM IN AN OCEAN WAVE GUIDE

The extinction formula can be used to estimate the siz8he size of the object is therefore directly related to the free
of an object by measuring the extinction it causes in an inspace forward scatter function of the object for objects that
cident beam. For instance, in astronomy, the size of a metere large compared to the wavelength. The forward scatter
orite is estimated from the extinction it causes in the lightfunction can be determined from a measurement of the ex-
reaching a telescope when the meteorite is in interstellatinction caused by the object.

2930 J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001 P. Ratilal and N. C. Makris: Extinction theorem for object scattering



Extinction measurements usually involve integrating theusing Eq.(5), we see that
intensity of the incident and total fields over a sufficiently 2N 2ai 27D ANt N
large screen that registers the full extinction caused by the U (O)]*=[(Ny)*e™72 = 2Ny Ny
object. We measure the incident power on the screen in the + (NS )2e! M -2711D]e= 271D, (24)
absence of the object and the total power in the presence of o
the object. The difference between these two energy fluxe5N€ extinction formula for mode 1 therefore leads to
on the screen is the extinction. 1 1 ) )

An intensity measurement at a single point in space irf(X|ro) = 02(2)d(0) 20K Xg REL} lu1(z0)|*|u1(0)|
the forward scatter direction is typically inadequate. This can
be seen from E¢(C3) for free space, and E¢p) in the wave X H{S(7/2,0;7/2,0)} e 21t x0 ), (25)

guide, where the. |.nterference intensity & at a .pomt de.-_ Equation(20) for the modal cross section of the object for
pends very sens!tlvely on t.he source and receiver POSItioNS, 4a 1 in the Pekeris wave guide, simplifies to

which cause rapid fluctuation in the phase term. To deter-
mine the forward scatter function from a single receiver in 1
the forward direction then requires extremely accurate R{&}
knowledge of the source, object and receiver locations. Ir.. .
practical measurements, it may also be difficult to precisel ince mode 1 propggates close. to the honzon_]fs{lf'l}
locate the point sensor in the forward direction. This is espe—% K. Th? cross se;ctlon of an object fpr the egtmcu'on of
cially true for large objects as they have very narrow forwardmOOIe Lina Peke_rls wave guu_lle, EBB), is alm_ost_|dent|cal
scatter function peaks. Equatié614) for the extinction in to the cross section of the object for the extinction of plane
free space on the other hand has no phase dependence fyaves in free space, EQC16). .

volving the source or screen position. Extinction measure- In Egs. (25) and (26) the properties of the target are

ment over a screen is therefore a more robust method fo§eparated from the wave gu.|de and geometric parameters, If
e can measure the extinction of mode 1 caused by the ob-

estimating the forward scatter amplitude and hence the siz tin the wav ide. w n estimate the fr for
of an object. For measurements in a shallow water wave© € wave guide, we can estimate fhe Iree space for-

guide, the screen over which the intensity is integrated cax\{ard fS(t:r?tterb'anlp!gukde Olf éhe olfo![(;ct and sup;,equentlyt,. the
be either a sufficiently large planar array, or a billboard arraySlze orthe object. Aknowledge of the wave guide properties,

whose spacing between the sensor elements satisfies the l\gggrelgtc?gf?hgf:?s;%?a Ozjr?gt a?ar;c(i)rsfi:)enerl]olsss ?ﬁiﬁzsaxgvgo
quist criterion for sampling the field in space. P 9 P

guide, as well as the amplitude of mode 1 at the source and

In a wave guide, the extinction caused by an object, Eqff)bject depths. Experimentally, we can estimate the source to
(13), depends not only upon the properties of the objec bject rangex, from the arrival of the back scattered field

through the scatter function, but also the properties of th$ the obiect usi that i located with th
wave guide and the measurement geometry. They are, iﬁon:ce € object using a sensor that 1S co-located wi €

eneral, convolved in the expression for the extinction and°Y . . . L
g P As discussed in Eq21), the object size is related to the

are separable only when the incident field is composed of . ; L
P y W el el | P ?orward scatter function amplitude. The extinction of the

single mode as evident in E¢L4). This suggests a possible . .

scenario for extinction measurements in a wave guide to eﬁ'gher order modes of the wave gw_de, apart irom _mod_e L,

tract the scatter function’s forward amplitude and subse:depen.d. on the scatter funct!on amplitude in other d|r_e<_:t|ons

quently to estimate the size of an object. in addition 'Fo the forward. Itis theref_ore much more difficult
For large source to object separatiog, the mode that to extragt information about the size of .the .object from

survives in the incident field is mode 1. Mode 1 of any WavemOdes higher than mode 1 unless the object is compact as

guide propagates almost horizontally and we can approxiYVi” be discussed in Se¢VI E). For objects that are buried in
mate its elevation angle as,~ /2. In this case, the four sediments that are faster than water, mode 1 excited by a
1 . '

scatter function amplitudes in E¢L4) can be approximated source in the Wa'Fer column dogs not penetrate into the b.Ot'
as S(/2,0,7/12,0) and factored out of the equation for the tom due to total |nterngl reflgctlop. The apove mef[hod will
extinction. Using the fact that for mode {15 3{£,} we f[her_efore not be useful in estimating the size of objects bur-
rewrite the extinction for mode 1 as led in fast bottoms.

o (X):Ai 3{S(7/2,0;m/2,0) e~ 2Héx (26)
1 K m/2,0;,7/2,0)} .

1 1 1 VI. ILLUSTRATIVE EXAMPLES

EXIr0)= 2707 d(0) 2ak %o Figy) 1201
0 @k %o ! In all the illustrative examples, a water column of 100 m
X 3{S(7/2,0;7/2,0)[ (N )2e 271D depth is used to simulate a typical continental shelf environ-
- 20— 27D ment. The sound speed structure of the water column is iso-
—2Npy Ny +(Np)“e™ ==} velocity with constant sound speed of 1500 m/s, density of 1
x @~ H2é Xt X) g~ H271}D_ 22) glen® and attenuatior_1 of 6>€)10*5d_B/)\. The seabed i_s ei-
ther perfectly reflecting or comprised of sand or silt half
In a Pekeris wave guid¥;'®with spaces. The density, sound speed and attenuation are taken to
be 1.9 g/cm, 1700 m/s, and 0.8 dB/for sand, 1.4 g/cth
NF =N~ 1 /@ 23) 1520 m/s, and 0.3 dR/for silt. Calculations are made of the
! Lo 2H"’ combined and modal extinction, incident intensity on the ob-

J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001 P. Ratilal and N. C. Makris: Extinction theorem for object scattering 2931



&

W
&
(=]

—— Sand, Coherent —— Sand, Coherent
=== Sand, Incoherent -85 === Sand, Incoherent
2607 — Silt, Coherent . — Silt, Coherent
S === Silt, Incoherent g -9 ! l'y | ---: Silt, Incoherent
65} s (MU
2 ﬂ [ © 95 M ‘l"'l | ]
%_70 [} f\ ) ‘ I "‘le' 'M’lf LG I . I
g M . Z-1o0 I v-,u il li | I 1 FIG. 2. (a) The combined extinction
£ s Ly Yy 2 108 w y ,““ !I I ﬁ p'T 4 Eq. (13) of all the modes, caused by a
5 f [ f -(L AAAA | i | i Tl I | pressure release sphere of radius 10 m
£-s0 1 H. ‘” % @'“ i] ‘ " H centered at 50 m depth, in a Pekeris
£ ' R 2-nsj| wave guide composed of 100 m water
©_g5 —120‘ | with either sand or silt half space is
@ ! ®) plotted as a function ok, its range
5 10 15 20 25 30 35 40 45 50 15 10 15 20 25 30 35 40 45 50 from a point source of frequency 300
Source to Object Range (km) Source to Object Range (km)

Hz also placed at the same depth in the
wave guide. The separation of the
screen from the object is the same as
that of the source from the object at

i ‘ ' —— Sand, Coherent

e - Sand, Incoherent X

|5 — Silt, Coherent each source to object ranges Xq. (b)
P | === Silt, Incoherent The incident intensity on the sphere
g Wt LT Eq. (17). (c) The combined cross sec-

w
Ch

tion of the sphere Eq(18). Both the
coherent and incoherent approxima-
tion of the quantities are plotted in
each subfigure.

Combined Cross Section

5 10 15 20 25 30 35 40 45 50
Source to Object Range. (km)

ject, and, the combined and modal cross sections in variounodes is larger for the sand half space due to the higher
wave guides for different objects as a function of sourcegritical angle of 28.1° for the water to sand interface as
object and screen locations. The object size and frequency sompared with the 9.3° of water to silt leading to larger
also varied. Except for Sec. VIE, the frequency used in alfields and fluctuations in the wave guide with sand bottom.
other examples is 300 Hz. For a screen placed at a fixed range from the object, it is
the coherent extinction and cross section that we measure
A. Combined extinction cross section in different experimentally. From Fig. @), we see that the coherent
wave guides combined cross section of the object varies rapidly with

First, we examine how the combined extinction of all range i.n the wave guide. ansequently, .it is difficult to
the modes, caused by a pressure-release sphere of radiusefgraCt mformauon abput the S.'Z€.Of the object from a mea-

: o ; N . surement of its combined extinction of all the wave guide
m, in a Pekeris wave guide with either sand or silt bottom
half space varies as a function of source to object range at odes. . . . _
source frequency of 300 Hz. The source and sphere centers We find it useful to approximate _the_ com_bmed_extmc-
are located aD=50m in the middle of the water column. tion measured py the' screen and the incident intensity on t.he
The combined extinction measured by the screen (E8), sphe_re as a single incoherent sum over the modeslwh|ch
the incident intensity on per unit area of the sphere(Eg,  Provides an average trend to the curves as a function of
and the combined cross section of the sphere(E8).in the ~ 'ange. 'Ijakmg.the rapo of the mcloheren.t combined ext|nc;t|on
wave guides are plotted as a function of source to objecid incident intensity, we obtain the incoherent combined
separatior, in Figs. 2a)—(c), respectively. At each,, the ~ Cr0SS sec_tlon. The comt_)med extinction, incident |n_tenS|ty
separation of the screen from the object is the same as that 8"d combined cross section of the sphere calculated incoher-
the source from the object, i.&x=x, The combined extinc- €ntly, using Eq¢13), (17), and(18), respectively, by replac-
tion is calculated using Eq13) with the scatter function for ing the double sum with a single sum over the modes are
the sphere given by Eq$8) and (9) of Ref. 13 with f(n) plotted in Figs. 2a)—(c). From the incoherent plots, we see
replaced by ¢ 1)"f(n) to convert from Ingenito’s definition that the extinction and the incident intensity decay with
to the standard one described in Ref. 12. range due to geometrical spreading and absorption loss in a

The combined extinction and incident intensity fluctuatereal wave guide.
with range due to the coherent interference between the In a perfectly reflecting wave guide, there is no absorp-
modes. The resulting combined cross section of the spheitgon in the wave guide. Consequently, an incoherent approxi-
also fluctuates with range. The incident intensity andmation for o is independent of range as can be seen from
extinction are larger in the wave guide with sand bottom. TheEq. (18). The decay in the extinction due to spreading loss is
fluctuations in the fields are also greater in the sand bottomompensated by spreading loss in the flux incident on the
wave guide as compared to the silt bottom wave guide. Thebject which keeps the cross section a constant. In this case,
difference arise primarily because the number of trappedhe extinction measured by the screen is due entirely to the
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800 B. Modal cross section in different wave guides
%700 '''''''''''''''''''''''''''''''''''''' In this section, we will investigate how the modal ex-
§ tinction cross section of the 10 m pressure release sphere
[ S ] varies for the individual modes in various wave guides at
E,SOO ~~~~~~~~~~~ 300 Hz. Figures @) and (b) show the amplitudes of the
"g e modes at the source depth of 50 m in the Pekeris wave guide
Seor T with sand and silt bottom, respectively. Only the propagating
%300 —Rkeissmd e mod_es_ are plptted because_ the_se are the_modes that compose
5 | — Perfectly reflecting waveguide the incident field on the object in the far field. These are the
2005 — :‘“;)"“”15 30 mode amplitudes at the object depth because the target is
Source to Object Range (km) also at 50 m depth. The amplitude of the modes in the per-

FIG. 3. Incoherent combined cross section of a 10 m radius pressure releaggCtly rEﬂeCting wave QUide a_re plotted in Fiq;:}l Only the
sphere at 300 Hz source frequency in a Pekeris wave guide with sand boBven number modes are excited by the source at 50 m depth
tom half space, Pekeris wave guide with silt bottom half space, perfectyand they have the same amp|itude_
reflecting wave guide, and free space as a function of source to objectrange  Tha extinction of each individual mode in the Pekeris
Xq. For this plot,x=X,. In the wave guides, the source and sphere center . .
are located at 50 m water depth. The incoherent combined cross section W&V€ gwd_e with sand bottom Ca_use_d by the sphere and cal-
calculated using Eq(18) by replacing the double sum over the modes with culated using Eq(14) are plotted in Figs. &) and(b) at the
a single sum. source to object range of 1 km and 25 km, respectively. The
screen is placed the same distance away from the object as
. _ _ the source in each case. The modal extinctions in the Pekeris
object. Figure 3 shows'r, calculated incoherently, plotted wave guide with silt bottom at 1 km and 25 km are plotted in
for a pressure-rele-ase sphere of. radius 10 min a perfectlyigs. 5c) and (d), respectively. Comparing Fig. 5 with Fig.
reflecting wave guide as a function ®f. In this figurex 4, we see a dependence of the extinction of each mode on its
=Xg. The incoherent combined cross section of the object immplitude at the object depth, with the more energetic modes
free space with no absorption and in the Pekeris wave guidgeing extinguished the most. The extinction of the modes
examples considered so far are also plotted for comparisovary with range due to spreading and absorption loss suf-
Figure 3 shows that this incoherent combined cross sectiofered by the modes. Absorption loss suffered by each mode
for the extinction of all the wave guide modes differs signifi- as a result of absorption in a real wave guide is more severe
cantly from the free space cross section of the object. So, it ifor the high order modes due to their steeper elevation
difficult to obtain an estimate of the size of an object from anangles. The higher order modes are gradually stripped with
incoherent as well as a coherent measurement of its conincreasing range and at sufficiently long ranges, the extinc-

bined cross section. tion caused by the object is very much limited to the extinc-
0.2 0.2 T
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0.15F 0.15
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tion of the first few propagating modes. For the perfectlyof the extinction of mode 1 as discussed in Sec. V which
reflecting wave guide in Figs.(§ and (f) at 1 km and 25 allows us to estimate the size of the object.

km, respectively, there is no absorption loss, so the extinction

for each mode decays only with source to object raxge

There is no mode stripping effect in a perfectly reflecting ) )
wave guide and the relative magnitude of the extinctionC: PePendence of modal cross section on object
across the modes remains the same, independent of rangeqeIOth
Figures 6a)—(c) show the modal cross sections of the The modal cross section of an object depends on the
sphere, calculated using E(R0), for the extinction of the depth of the object in the wave guide. We investigate how
individual modes in the Pekeris sand, silt and perfectly rethe modal cross section of the 10 m pressure release sphere
flecting wave guides, respectively. We get0 in Eq.(20)to  varies when we lower its depth by half a wavelength distance
obtain the modal cross section of the object corrected foto 52.5 m in the Pekeris silt, sand, and perfectly reflecting
absorption in the wave guide. In each of the wave guidesvave guides. We also lower the source depth to 52.5 m so
illustrated in Fig. 6 we see that the modal cross section of théhat all the modes in the perfectly reflecting wave guide are
sphere for the extinction of mode 1 is very close to its cros®xcited by the source. The source frequency is 300 Hz.
section for the extinction of a plane wave in free space. For  Figure 7 shows the incoherent combined cross section of
the higher order modes, the modal cross section of the objethe sphere in the three wave guides. In the perfectly reflect-
can be much larger or smaller than its free space value deéng wave guide, the incoherent combined cross section of the
pending on the wave guide. We can calculate the forwardgphere is now larger than its free space value. Figuf@s-8
scatter function amplitude of the object from a measuremenfc) show the modal amplitudes in the three wave guides and
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Figs. 9a)—(c) show the modal cross sections, E20). Inthe  wave guide. In free space, with the plane of the disk aligned
perfectly reflecting wave guide Fig(®, all modes that exist normal to the direction of propagation of the incident waves,
in the wave guide are scattered by the object to form thét is well known that its plane wave extinction cross section
scattered field when it is at the shallower depth of 52.5 mijs equal to twice its projected area, which is 628 Zimthis
unlike in the previous example of Fig. 6 where it was at 50 mexample. The cross section of a sphere in free space depends
depth and only the excited odd number modes were scatteregh the circumference of the sphere relative to the wavelength
by the object. Comparing Fig. 9 with Fig. 6, we see that theof the incident waves, i.eka=2ma/\ wherea is the radius
modal cross section of most of the modes vary with objecbf the sphere. The dependence of the extinction cross section
depth. For mode 1, however, in all the three wave guides, thgf 5 pressure release or hard spherekanin free space is
modal cross section of the object remains close to its fre%lotted in Ref. 16. For a large pressure release sphere, high
space value. ka, the extinction cross section is roughly twice the projected
area which is the same for both the sphere and the disk. For
a compact pressure release sphere, skaathe cross section
The cross section of the 10 m pressure release sphereds$ the sphere begins to exceed twice its projected area. For
compared to that of a rigid or hard disk of radius 10 m in thethe present example, at 300 Hz source frequekay: 12.6
and the extinction cross section of the sphere in free space is
736.7 nt.
"""""""""""""""""""""""""" The incoherent combined cross section of the 10 m hard

D. Modal cross section for various object types

')
i=3
<

€
2700,

g disk in the three different wave guides is plotted in Fig. 10.
5600 In free space, the cross section of the sphere at 300 Hz
§5oo' ~~~~~~~~~~~~~~~ is only a little larger than that of the disk of the same
§ \/ - radius. Comparing Figs. 3 and 10, we see that in the per-
2400 e . fectly reflecting wave guide, the incoherent combined cross
5| —pekerisSma e section of the sphere is much larger than that of the disk. The
e i T, elevation angle of each mode of the wave guide increases

apqL e Space ; with the mode number. Since the disk is aligned with it's

0 5 10 15 20 25 30 35 40 45 50 .
Source to Object Range (km) plane parallel to they—z plane, the projected area of the

disk perceived by each mode decreases as the elevation angle

FIG. 7. Incoherent combined cross section of a 10 m radius pressure releas? th de i For th h h h d
sphere at 300 Hz source frequency in a Pekeris wave guide with sand boP € mode Increases. kor the sphere, however, each mode

tom half space, Pekeris wave guide with silt bottom half space, perfectyse€s the same projected area, regardless of the elevation
reflecting wave guide, and free space as a function of source to object ranggngle of the mode. Therefore the combined extinction of
Xo. For this plot,x=X,. In the wave guides, the source and sphere centerthe modes by the sphere is much |arger than by the disk. In

are located at 52.5 m water depth. The incoherent combined cross section Iﬁ . . .
calculated using Eq18) by replacing the double sum over the modes with the real wave gwde, absorptlon by the wave QUIde alters

a single sum. the amplitude of each mode with the higher order modes
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suffering greater absorption losses than the lower ordewave guide is plotted in Figs. 1d)—(c), respectively. From
modes. The higher order modes are less important in deteFig. 11, we see once again that the modal cross section of
mining the combined extinction in the real wave guide. Con-the object for the extinction of mode 1 is almost equal to
sequently, in a real wave guide, the incoherent combineds free space cross section. In the present example, the cross
cross section of the sphere is only slightly larger than that ofection of the disk is equal to twice its projected area. This
the disk. example further illustrates that we can obtain a measure of

The modal cross section EQO) of the disk for each the size of an object from the extinction of mode 1 in a wave
mode of the Pekeris sand, silt, and the perfectly reflectingyuide.
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g free space cross section.
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modal cross section for mode 1, however, remains nearly
equal to the free space cross section of the large sphere in
each wave guide. For the compact sphere with the skaall

of 0.1 on the other hand, Figs. 12-«&% the modal cross
section of most of the modes are fairly close to the free space
cross section of the object.

= Figures 1%a)—(d) show the scatter function amplitude

~ plotted as a function of elevation angle of the modes at vari-

g

g

S
8

Incoherent Combined Cross Section (mz)

3000 — pegerisSand e ) . .
TopersSmd T ous ka. Compact objects scatter like point targets and they
—— Perfectly reflecti id idi H H
P v e A ] have an omnidirectional scatter_funcnSg. In Eq. (20), we
0 5 10 15 20 25 30 35 40 45 50 see that the modal cross section depends on not only the

S to Object R: (km) . .
ouee fo Phjeet Banee forward scatter amplitude, but also the scatter function am-

FIG. 10. Incoherent combined cross section of a hard disk of radius 10 m gplitude in nonforward directions. For a compact object, since
300 Hz source frequency in a Pekeris wave guide with sand bottom halfhe scatter function amplitude is a constant, independent of
space, Pekeris wave guide with silt bottom half space, perfectly reflectin%zimuth or elevation angles we can factor it out in (ﬂﬂ)

wave guide, and free space as a function of source to object rgndeor . . .
this plot,x=X,. In the wave guides, the source and disk center are Iocated:urthermore’ na perfeCtly reflectlng Wwave gl'“de' stfice

at 50 m water depth with the disk aligned in thez plane. The incoherent
combined cross section is calculated using @®) by replacing the double 21 /d(O)
2H "’

sum over the modes with a single sum. N; = Np :i_ (27)

E. Dependence of modal cross section on object size N, can be factored out of the equation as well. Consequently,
and frequency for a compact object in the perfectly reflecting wave guide,
. . . Eq. (20) for the modal cross section reduces to

Here we investigate how the modal cross section Eq.
(20) of a pressure release sphere at 50 m water depth com- A
pares with its free space cross section when we vary the size  0p(X)= 7~ RE,) ISt eI (28)

of the sphere and the frequency of the incoming waves. Fig-

ures 12a)—(d) show the result in a Pekeris sand wave guide which resembles the expression for the free space cross sec-

plotted as a function oka. The corresponding result in the tion of the object in Eq(C16). The modal cross section of

Pekeris silt and perfectly reflecting wave guides are plottedhe compact object in the wave guide will, however, be

in Figs. 13 and 14, respectively. slightly larger than the free space cross section because of
For a large sphere with the hidda of 62.8, we see from the dependence on the horizontal wave number of the mode

Figs. 12—14d) that the modal cross section of the sphere for§, in the denominator of Eq28) instead ok as in Eq.(C16)

the high order modes fluctuates and departs drastically frorfor free space. The real part of the horizontal wave number

the free space cross section for most of the modes. Thdecreases as the mode number increases. We see a gradual
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increase in the modal cross section in Fig(a4with in- pact object in a wave guide, as well as mode 1, we can also
crease in mode number for the compact sphere in the peuse the higher order modes to extract its omnidirectional
fectly reflecting wave guide. scatter function amplitude from modal extinction measure-

In a real wave guideN, is usually complex. For the ments. Once the scatter function amplitude of a compact ob-
lower order moded\, has a large imaginary component and ject is known, its size can be estimated.
we can still factor it out as we did for the perfectly reflecting
wave guide. We also observe a trend of increase in moday!l- SUMMARY AND DISCUSSION
cross section with mode number for the compact sphere in A generalized extinction theorem for the rate at which
the examples of Figs. 12—@8. This implies that for a com- energy is extinguished from the incident wave of a far field
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point source by an object of arbitrary size and shape in anuth and equivalent modal plane wave amplitudes. In gen-
stratified medium has been developed from wave theory. In aral, our results show that when we have multiple plane
wave guide, both the incident and scattered fields are conwaves incident on an object, whether in a wave guide or in
posed of a superposition of plane waves or equivalently dree space, extinction will be a function of not only the for-
superposition of modes. The total extinction is shown to be avard scatter amplitude for each incident plane wave but also
linear sum of the extinction of each wave guide mode. Eaclthe scatter function amplitudes coupling each incident plane
modal extinction involves a sum over all incident modeswave to all other plane waves with distinct directions that
scattered into the given mode and is expressed in terms @bmprise the incident field.

the objects’s plane wave scatter function in the forward azi-  Our derivation greatly facilitates scattering calculations
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by eliminating the need to integrate energy flux about thecontrol surfaceC gives the net incident intensity flus;

object. The only assumptions are that multiple scattering bethrough the control surface,

tween the object and wave guide boundaries is negligible,

and the objgct I_ies within a cqnstant sounq speed Iayer.. fi:m[ fﬁ fﬁ Vi*(I)i'dS]- (A3)
Two extinction cross sections are defined for an object c

submerged in a wave guide. The first is the combined cross . . .

section which is the ratio of the combined extinction of all !N @ lossless media, the incident energy flux entering the

the modes of the wave guide to the total incident intensity incontrlol surface has to.equal that leaving the surface. There-

the radial direction at the object’s centroid. Calculations for afore in a lossless media,

shallow water wave guide show that both the combined ex-  r— (A4)

tinction and the combined cross section of an object are

highly dependent on measurement geometry, medium strati- In the presence of the object, the total field at location

fication, as well as the scattering properties of the objecton the control surface for a source rgtis the sum of the

They also fluctuate with range due to the coherent interferincident pressure field from the source and the scattered field

ence between the modes. Both are significantly modified b§rom the object,

the presence of absorption in the medium. The presence of

absc?rption typically mpeans that the extinction gnd corre- ®r(r|ro) = ®i(r|ro) + ®(rlro). (A5)

sponding cross section of the obstacle in an ocean wavghe intensity of this total field at on the control surface is

guide will be smaller than it’s value in free space. The prac-

tical implications of these findings is that experimental mea-  11(r|ro) =R{Vi(r|ro)®+(r|ro)}. (AB)

surements of the total scattering cross section of an obstacle ) L )

in a wave guide may differ greatly from those obtained forTh,e total intensity integrated over the entire contro! surface

the same obstacle in free space and may lead to errors Fﬁ is the total energy fluxFy throughC, or the total inter-

target classification if the wave guide effects are not properl)?eptECI power,

taken into account.
We also define the modal cross section of an object for7-'T=9%| 3§ % V$<I>T-d8]
the extinction of an individual wave guide mode of a wave c

guide. We show that for an object submerged in a typical

ocean wave guide, the modal cross section for the extinction =9%[ jg § (VD + Vi P+ VED,+VED)-dS;.

of mode 1 is almost identical to the object’s free space cross ¢

section, after correcting for absorption loss in the medium. (A7)
This finding can be used to robustly estimate the size off the object absorbs some of the power incident on it, the net
objects submerged underwater from extinction measureputward power flow through the control surface is equal in
ments involving mode 1, which is often the dominant modemagnitude to the rate at which absorption takes place. Let
after long range propagation in a shallow water wave guidew, be the rate at which energy is absorbed by the obstacle,

then Fr=—W,.
Let W, be the total power scattered in all directions by
APPENDIX A: GENERAL APPROACH FOR the object,
CALCULATING EXTINCTION
_— Ws=R éffv*qn-ds. A8
There are two approaches to calculate the extinction of S { c ® ° (A8)

an incident field due to absorption and scattering by an ob- o o
ject. In the first approach, we define a closed control surfac8Y definition, extinction is the sum of the total power ab-

C that encloses the object, but excludes the source. We let tt¢"Ped and scattered by the object. Making use of &),
origin of the coordinate system be at the object centroid. LefA%); and(A8) in Eq. (A7), the extinctiont due to the object

ro be the position of the source amdbe the position of a N @ lossless media is

point on the control surface.
In the absence of the object, only the incident fidid E=W,+ W= —?R[ fﬁ Eﬁ (Vi dg+VEidD))-dS;. (A9)
exists. The intensity of the incident field at locatioion the ¢
control surface from a source gf is From Eq.(A9) we see that extinction is a result of the inter-
Li(r|ro) =R{VE (r|ro)@i(r]ro)}, (A1)  ference between the incident and scattered fields over the

_ _ o . control surface. For a plane wave in free space, the active
where Vi(r|ro) is the velocity vector of the incident field region of the control surface over which the incident and

which, from Newton's law, can be expressed as scattered fields have a fixed phase relationship to interfere
1 destructively lies within an angular widthi\/r of the for-
Vi(r|rg)= qu)i(r“o) (A2)  ward direction, where\ is the wavelength of the incident

wave, andr is the distance of the control surface from the
for a harmonic field at frequenay whered(r) is the density ~ object centroid in the forward directidri:'” This region
at locationr. Integrating the incident intensity over the entire comprises the shadow remnant. Outside of this region, the
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integrand in Eq(A9) fluctuates too rapidly to contribute to the extinction cross section is then equal to the scattering
the extinction. Cross sectiongt=oys.
Consequently, instead of integrating the interference flux
over the entire control surface, we can replace the endoseﬂPPENDlx C: EXTINCTION FORMULA FOR
control surface by a scree3cin the forward direction. From SCATTERING IN AN INEINITE LOSSY UNBOUNDED
Eq. (A7), if we integrate the interference flux over the area ofpEp|a

the screen, instead of the enclosed control volume, we obtain ) o o
We derive the formula for the extinction of an incident

plane wave in the far field of a point source by an object in
an infinite unbounded medium with absorption loss. We will
derive the expression using both the control surface method

:%[J’ j (V-*dbi—V¥d>T+V*<DS)-dS]. (A10) and the Hulst screen method discussed in Appendix A and
sc s compare the resulting expressions. kebe the coefficient

The first term on the right-hand side of E(AL0) is the for absorption in the medium. We write the magnitude of the

incident flux.% through the screen, which is the flux through complhex V‘k'fve vector _le: ’_‘+_'d”’ wh_er:e;r:= wlc. -
the screen in the absence of the object. The second term isd_T e object centém CO:nC' ersl with the center of the co-
7+, the total flux through the screen in the presence of th&'dinate system and we place the sourceat(0,0,~2o).

object. The last term is the scattered flux through the screefy'St We derive the formula using the control surface method,
If we place the screen sufficiently far from the object so that=d: (A9). We let the control surface be a spherical surface of
V* and &, become small relative t&v/* and @, due to radiusR centered at the object centroid. At any pairdn the

S I

spreading loss, the scattered flux becomes negligible. Fé:rontrol surface, the incident field is given by the free space

instance, for plane waves in free space, the spherical spreaf'€"n's function,
ing of the scattered field causes the scattered field intensity to 1 eklr=rol
decrease with range with arf/dependence, while the inci- Di(rlro)= PP P (C1

dent intensity remains constant. . L . :
At any given range of the screen from the object, to Since the object is in the far field of the point source, the

measure the full extinction caused by the object, the screeficident field at the object can be_k?pproximated as compos-
has to be much wider thagAr. For a sufficiently large Ing of plane waves with amplitude“?0/47rz,. The scattered

—m“ JSC(V{‘<I>5+V§<I>i)-dS

screen, the extinctiod is, from Eq.(A10), field from the object at ranges far from the object can be
expressed as
5=fi—fT=—iRH f (VID+VED)-dS), (A1l 1 elkzo gikr
s¢ O(r|ro)= 5~ —— - S(0,4:0,0. (C2)
T Zo kr

the difference between the incident flux measured by the
screen in the absence of the object and the total flux in the
presence of the object. This is the approach due to Van de 1 (k—iv) e iy (z+29)?
Hulst for calculating the extinction by placing a sufficiently Vi ®d=-—— — 5
large screen in the forward direction to register the full ex- 167" wd  (X*Hy™H(z129)9)

The first term in the integrand of EGA9) for this case is

(rip+2zoiy)

tinction. giczo  @ix\xZryF 7
X S(6,¢;0,0)
Zy (K—i-iv)\/XZ-i-yz—l—Z2
APPENDIX B: EXTINCTION, ABSORPTION, AND o TV Tt g 120 g WV €3

SCATTERING CROSS SECTIONS

In the above expression, we explicitly factor out the term

The extinction, absorption, and scattering €ross sectiong,,resenting absorption in the medium to avoid confusion
can lbe.V|ewed as fictitious areas th"?‘t lnt'ercept a portion O\];vhen conjugating the fields and to keep track of absorption
the incident power equal to the extinguished, absorbed O%sses in the medium. On the control surface
scattered power, respectively. The extinction cross section Z+y?+Z2=R. We will assume thaz,>R since thé
o, by definition, is the ratio b_etween the_ra_te 9f diSSipatio_nobject is in the far field of the point source. We use the
of energy& and the rate at which energy is incident on un'tapproximation Y7+ (2+29)2~2+2, in the term that

cross-sectional area of the objdgt determines the phase of the integrand, and the approximation

£ X2+ Y%+ (z+25)°~1z, in the spreading loss factor. The re-
UTZE' (B1) sulting expression becomes,
From Eq.(A9), we can also express the above as VEp oL (ki) e_i("”)z(z o )ei"R
o . 0
PSS 16m wd(k+iv) Zg z " R

_ Wat Ws
l; X S(6,¢;0,0e 2% "R, (C4

whereo, andog are the absorption and scattering cross sec- Next, we integrate Eq(C4) over the area of the en-
tions, respectively. For a nonabsorbing objegt=0, and closed spherical surface. An area element on the surface is

oT =0,t0g, (B2)
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dS=i,R?sin#dede. Sincez,>R we need only consider the We integrate Eq(C9) using Eqg.(A11) over the area of
first term in Eq.(C4) and note thati,-i,=cosf. With z  the screen. With the screen lying normal to #eis, an area

=R cos# on the spherical surface, we obtain element of the screen dS=i,dx dy,
1 (k—1iv) )
* . _ ikR
fﬁ 3QCV' Cs dS=16,2 wd(K+iv)zgRe f LCV‘*(DS'dS
—2vZpa— VR
xe “e 1 (k—iv) 1

—2v(z9+2)

% JWJZwef(i"”)RCOSB)S(Q,QS;O,O) 1677 (k+iv) 0dzgz(zo+2)
0Jo

L2 (L2 ,
X elx20p722207 25 g h:0,0/dx dy.
X cosésingdodde. (CH ~L2J -L2 (6.:0.0 y
Making use of asymptotic integration, (C10
fﬁ 3§ V*P..dS As discussed in Appendix A, the angular width of the active
I S . . .
c area on the screen is of the order\O¢/z which is small for
i large z. We therefore approximate the scatter function with
= e 2"%0(5(0,0;0,0e 2R its value atd=¢=0 and factor it out of the integral above.
SWwd% K+lv Integrating the resulting expression using asymptotic integra-
+S(O,7T;O,0)ei2KR). (C6) tion, we obtain

Similarly, we integrate the second term of E49) over the .
control surface and obtain f fSCVi ®s-dS

é é V§<Di~dS 1 (K_iv) —2v(zg+2)
= — ; - 4 . 11
¢ 87dez(2) KS(O’O'O'Q(K-l-IV)e (C1D
—i 1
— —2vzy . —-2vR P . . )
8rdZ PR (S*(0,0;0,0e ;lirrr:narly, we integrate the second term in H&11) to ob
—S*(0,m;0,0)e " '?<R), (C7)
-i 1
Summing Eqs(C6) and(C7), taking only the negative of the J f VED;-dS= —— Z5(0,0:0,0e 2120+,
real part of the sum, we obtain the extinction caused by a Sc 8mwdz; «
object in an infinite unbounded lossy medium using the con- (C12

trol volume method, Adding the two expressions and taking only the negative of

e 2v(2tR) the real part of the sum, we obtain the extinction caused by
Ec(r|ro)= drwd 2 2+ 2 3{$(0,0;0,0} an object in an infinite unbounded lossy medium using the
0 screen method,
v ) i2kR n20R
— R{S(0,7;0,0)e'““"}e ) (C8) 1 e 22tz q

Esdrrg)=——————
Next, we derive the extinction using the Van de Hulst sdrlro Arod 75 K

screen method, EqA11l). We start with the expression in "

Eq. (C3). We place a square screen of length sufficiently x| 3{S(0,0;0,0} — —MR{S(0,0;0,0}|. (C13
large distance from the object in the forward direction, K
parallel to thex—y plane a distance away from the object.
As discussed in Appendix A, we requite>\z. Sincez

is large, we assume that for points on the active regio
of the screenz>p wherep—=yx“+y”. We use the approxi- i, o equations arise due to absorption by the medium. The

H 2 2 2 2 i . .
mations x*+y +gz+ 20)"~2+20+[p*12(z+29)], and  gypressions for the absorption loss term differ because we
VXEHy T+ Z~2+(p%/2z) in the terms that determine the jnieqrate the energy flux over different surfaces: i§ small
phase of the integrand, and the approximationg,ompared tox, v/x<1, we can ignore the second term in

2 2 2 ~ H . . . .
VXEF Y3+ (24 20)*~ 2429 and (X*+y*+2°~z in the ab- o equations, and letting=R, the resulting expressions
sorption and spreading loss factors. EquatieB) simplifies for the extinction are identical and become
to

The expression for the extinction using the control vol-
ume method Eq(C8) and that obtained using Van de Hulst
"Lcreen method EqC13) are equal ifv=0. The second term

1 (k—iv) 1 £(r|ro) 1 (5(0.0:00) e~ 2v(z+2) (14
F D= rlro)=———3{S(0,0;0,0} ———.
Vi®s=162 (k+iv) ©dzyz(zo+2) 7 Arwdk z

X ek 200°12220t 25 g :0,00e 2"%*2 (C9)  This derivation shows that the screen method gives the true

2942 J. Acoust. Soc. Am., Vol. 110, No. 6, December 2001 P. Ratilal and N. C. Makris: Extinction theorem for object scattering



extinction only if the absorption loss in the medium is small. APPENDIX D: EXTINCTION FORMULA
From Eg.(C14), we see that absorption in the medium low- FOR SCATTERING IN A STRATIFIED WAVE GUIDE
ers the extinction that we would otherwise measure in a losSesALCULATED USING A CONTROL SURFACE
less medium. The %3 factor is due to the spherical spread- THAT ENCLOSES THE OBJECT
ing of the incident field from the source to the object.
The incident intensity on the object in taalirection for Let the control surface be a semi-infinite cylinder of
k<l is radiusR with a cap at the sea surface where—D, similar
1 «k e 2% to that defined in Sec. Ill. The axis of the cylinder is parallel
sz—g (C19  to the z axis and passes through the object centroid. The
source is located aty=(—X(,0,29), and we assume th&t
Dividing the extinction in Eq(C14) with the incident inten- <y,
sity on the object Eq(C15), we obtain the extinction cross As discussed in Sec. lll, the sea has a pressure-release
section of the object in the infinite unbounded lossy media,g,rface where both the incident and scattered fields vanish.
A1 The contribution of the interference flux through the cap at
o1(2)= 73{5(0’0;0'0}672”' (€16 the sea surface=—D is zero. We need only integrate the
interference flux in Eq(A9) over the curved surface of the

Vi*q)i:

Equation(C16) shows that a measurement of the cross sec- linder to obtain the extinction d by the obiect.
tion of an object in a lossy medium will be smaller than in g oyiinaerto ovta € extinction caused by the objec

lossless medium. To obtain the true cross section of the ob- Using Egs.(1), (2), (3), and (A2), the first term |n.the
ject, independent of the medium, we have to correct for abintégrand of Eq(A9) on the curved surface of the cylinder,

sorption in the lossy medium. R=(x,y,2) is

e IRMEI X0+ %) giR{EMIR
Vérxe  VEnR
X[Npe?miPA (10)S(7— e, d; 00— Npe ™ TmiPA (10)S(ay,, ¢ an,0)

VD =

d(z)d(ZO)d(o)Zw 2 2, 2 U (Z0)un(2) Zu.*(z)iz—isruﬁz)ix

—N,,&™mPB (r0)S(7— apy, d;7— a0+ N e HMmiPB (ro)S(ap,, ¢;m— ay,0)]e” HéalxoeHmiD  (D1)

In the above expression, the terms representing absorption by the wave guide have been factored out explicitly to avoid
confusion when conjugating the fields and also to keep track of absorption losses due to the wave guide<Sjcthe
expansion p— pg| =Xo+x was used in the terms that determine the phase of the integrand while the approxipatjmyh
~X, was used in the spreading and absorption loss factors. We ignore the absorption loss &% since it is small
compared tae~ téiixo,

Next we integrate Eq(D1) over the curved surface of the cylinder. An area element on the surface of the cylinder is
dS=i,R d¢ dz. We use the orthorgonality relation in E@) between the modes' (z) andup,(2) to integrate Eq(D1) over
the semi-infinite depth of the cylinder in the wave guide. This reduces the triple sum over the modes to a double sum,

2m [
fﬁ ﬂgCVi*q)s'dSZL fﬁDVi*cDS-idequS

_ * IR{EmIRA—TR{EmIX
d(zo)d(O)Zwk 2z 2 g /_ Um(Zo)€ e °
2 . )
x[ fo [N, mPA (1)) S(7— apy, ¢; @n,0) = Njhe mPA (1) S(an,, ¢; an,0)
— N € TP, (1) S(7 — amep; m— ,0) + Nye " miPB (1) S( v, b 7 — 0, 0) ]

X g~ I RémiR cose cos¢R d¢ e~ Hémbxog=HymiD, (D2)

The integral involving¢ can be evaluated using the method of stationary phase. There are two stationary phase points
corresponding to the forward azimu#h=0, and the back azimuti=. Applying the result of the following stationary phase
integration over the azimuth angig
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2 . 2 . .
S(7m— g, ¢; an,0)e” THEmR 0SS cosh dh= A/ e e MémRg (71— o), 0;,,0)
0 SR{gm}R

+ ieim{ém}RS('n'— A, T an,0)], (D3)

to Eq.(D2), the integration of the first term in E§A9) over the curved surface of the cylinder in the wave guide becomes

*®..dS= 1 i oS gm iR{én— Emix
f ﬁ:vi Py ds—mx 2: Z g ] m{fm}fn m(Zo)Un(Zo)€' 0

X (I[N, N, &™m™nilg( 7 — o 0:2,,00— NN, ™ miPg(o 0 0;a,,0)

—Np Ny e 0m™ WP — @, 05— @0, 0) + Ny Ny e Y™ WiP S, 07—, 0)]

_ ei%{Zém}R[N%N;ei%{vm vn}DS( T— ap, 1 ap,0) — N;N;em{_ Ym+ 7n}DS(am 7 ay,0)
~ NNy ePrm™miPS( 7 — a5 7 — 00, 0) + NNy €7 7™ 1P S oy s 77— 0, 0)])
X @~ 1 Hémt éntXog = Hymt vniD. (D4)
Similarly, we can evaluate the second term in E&0) which gives

*

1

fﬁ fﬁv*@ ds———ii i
c S i - dz(zo)d(0)4wk XO m=1 n= |§m| 9{{fm}fl"l

m(ZO) u:_l‘ (Zo)e_im{én_fm}xo

X (i[N7 N e B0mt Pk (r— 05,0 — NE'NT e IR Yt miDS* (o 0;a,,0)

—N2 NS e Bvm mIDSH (7 — @, O0im— @, 0) + N N @ 1 = miPS* (o 0ir— i, 0)]

—e M2EIRIN_ * N * e I TOmt mIPSx (r— a7 @, 00— N * N * e Rt miPsr (o a7, 0)
— Nr;* N:*efim{”mf DG (7 — am, ™ T ap,0)+ Nr;* N,f*e*m{f Ym~ "n}DGr (am,m, 7= a,,0)])

Xe*j{fer fn}XOefj{Ver 'Yn}D_ (DS)

We then sum Eg9D4) and(D5), taking only the negative of the real part of the sum following &®). This leads to

the range dependent extinctigiiR|r,) of the incident field in a wave guide due to an object at the origin measured by a
cylinder of radiusR centered on the object with sourcergt

1 1o o VR{E

1 .
-—_— - —u* ! { n— m}x
ERINO) = 2od (002K xg 2 2 JE J|J§_num(20)u”(20)em o

X[N N, et miPs(z— o 0:0,,00— NN, et miPg(o - 0:a,,0)

=N N/ e™rm=niPg( 7 — o 0;r— @00+ NN, €= Ym= P 0,7 — an,O)]] e~ Hém* énlXog ™ IHym+ D

;i < . J{fm} ~ i IR{En— EmtXopl R{I2EMIR
+d2(Zo)d(0)2wkx Z nzl|§m|m{—§m [J—Um(zo)un(zwe og

X[N N, et mPs(r— o i a,,00— NN e ™ mtnmiPsa . 7 ap,0)
_ N;N:ei%{')’m_Yn}DS(W_ = ap,0)+ Nr;Nf{e““{‘ Ym~ ')’n}DS(am T — anyo)]] e~ Hémt éntxog=Hym* vniD .
(D6)

After comparing the expression for the extinction calculated using the control surface metH@6Eavith that obtained
using the Van de Hulst screen method E), we see that they are identical only in the perfectly reflecting waveguide where
J{&np=0. If the absorption loss in the waveguide is small, we can neglect the second term ([D&t@nd the resulting
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expression will be similar to Eq13). The differences in Egs.  7B. V. Smith and M. G. Ertugrul, “A technique for the measurement of
(13) and(D6) arise because of absorption loss in the mediumgixt}i(ncst‘itonthOS“SI\-AseISti?n," J-t tSO_und \{i:)& 2551_288(1t98f_5-h A

H H K. nton | rnng wi | on 1ISN- r -
and also because we integrate the energy fluxes over dlffer-ing,,, 3 icc?uét. sl;c.p:nf;; 19163_116;238? 0ns 10 Tish-echo process
ent surfaces in the two methods. 9F. P. Mechel, “Iterative solutions for finite-size absorbers,” J. Sound Vib.
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because it represents the type of measurement that can B&. P. Guo, “On sound energy scattered by a rigid body near a compliant
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